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Abstract—This letter presents an uncertainty quantification
method for phasor measurement units (PMUs) in voltage stability
assessment. The effect of local phasor measurement uncertainty
on the Thevenin equivalent impedance used for voltage stability
analysis is quantified analytically. The results can be used to
specify the requirements for PMU uncertainty in voltage stability
assessment.

Index Terms—Phasor measurement unit, recursive least square,
uncertainty, voltage stability.

I. INTRODUCTION

P HASOR measurement units (PMUs), as a powerful tool
for wide-area monitoring systems (WAMSs), have proved

their value in a variety of power system applications (e.g., state
estimation, oscillation detection and control, and voltage sta-
bility analysis). As one of the highly cited approaches for
real-time power system voltage stability analysis, the proximity
of a power system to voltage collapse can be estimated by
checking the Thevenin equivalent impedance and the local
load impedance using voltage and incident current phasor
measurements by PMUs at local buses [1].
However, the uncertainties associated with PMU data, due to

errors caused by various sources (e.g., measurements, data pro-
cessingprocedures, communications, or evenmaliciousmanipu-
lations), affect theperformanceof thisPMUapplication.1Theun-
certainty quantification for the Thevenin equivalent impedance
and the local load impedancecausedbyPMUuncertainties iscrit-
ical to correctly monitor the voltage stability of power systems,
whichhasnotbeensufficientlydiscussed in the literature.
In this letter, we analytically derive the uncertainty quantifi-

cation of these two impedances caused by inaccurate phasor
measurements, based on the framework of the Voltage Insta-
bility Predictor (VIP) method proposed by Begovic et al. in [1]
and [4]. This work can provide guidance to specify the require-
ments for phasor measurement uncertainty in this PMU appli-
cation. To the best of our knowledge, our work is the first an-
alytical discussion on quantifying PMU uncertainty’s effect on
voltage stability assessment in power systems.
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1Although the IEEE Standard C37.118-2011 specifies the general total vector
error (TVE) requirement for PMU measurements [2], the impact of PMU un-
certainty on a specific application depends on how phasor measurement data is
utilized in that application (e.g., see [3]).

Fig. 1. Local bus and the Thevenin equivalent.

II. VOLTAGE STABILITY ASSESSMENT
WITH PMU UNCERTAINTY

Fig. 1 shows the two-bus equivalent of the power system for
voltage stability analysis [1], in which and stand for the
Thevenin equivalent voltage source and impedance at time step
,respectively. and are thevoltageandcurrentphasorsmea-
suredattheloadbusbythePMUat ,basedonwhichtheimpedance
atthebus, ,canbecomputedas .2
Thevoltagecollapses at thebuswhen the load impedance is equal
to theThevenin equivalent impedance (i.e., ) cor-
responding to the maximal power transfer to the load. Thus, the
characteristicoftheTheveninequivalentimpedanceovertimecan
beusedtoidentifythevoltageinstability[1].
To compute the Thevenin equivalent impedance, we ob-

serve according to the Ohm’s law.
Separating the imaginary and real parts, we get two linear
equations with four unknown variables, which can be written
in a matrix form as , where

.

The recursive least square (RLS) method is applied to compute
the unknown vector iteratively (see [4, Appendix]) as

(1)

(2)

(3)

where is the forgetting factor assigning larger weight
to the recent measurements, and denotes the identity matrix.
The matrices and with proper sizes are iteration vari-
ables to include the new measurements in the update of . The
Thevenin impedance can be obtained from accordingly.
The uncertainties of voltage and current phasor measure-

ments by the PMU at the load bus affect the computation of
the Thevenin equivalent impedance via (1)–(3) and the
load impedance , which are the key elements in voltage
stability analysis. Hence, uncertainty quantification for these
impedances is critical for correctly gauging and monitoring the
voltage stability status of the power system.
Let denote the uncertainties of real

and imaginary parts of measured voltage and current pha-
sors at time step . Let
denote the uncertainties of the unknown vector . Let

denote the
set of the phasor measurements (real and imaginary parts)
up to the time step . With linearization approximation, the
uncertainties of the unknown variables up to time step ,

2Note that Fig. 1 models the constant-power load; however, this method can
also account for the voltage-sensitive load (i.e., ZIP load model) by applying [4,
eq. (11)] to compute the Thevenin impedance seen by the constant-power load.
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denoted by , in terms of the measurement uncertainties can
be expressed as

(4)

and uncertainty of the Thevenin impedance can be obtained
accordingly. We see that the total number of partial derivatives
to compute is 4 . These values can be computed along
with the iterations in the RLS method to calculate the Thevenin
impedance. Algorithm 1 shows the analytical quantification
method of the Thevenin impedance uncertainty.

Algorithm 1: Computation method of the Thevenin
equivalent uncertainty iteratively

1: Initialization: .
2: for all do
3: Update with
4: Compute .
5: Update .
6: for all do
7: Compute partial derivatives to measurements at

8: end for
9: for all do
10: for all do
11: Compute partial derivatives to previous

measurements

12: end for
13: end for
14: Save

for next iteration
15: Update and

16: end for
17: Compute the uncertainty level at the step using (4)

For the load impedance ,
the uncertainties of and can be expressed similarly
in terms of phasor measurement uncertainties via (4). With the

TABLE I
COMPUTATION RESULTS OF UNCERTAINTY OF

uncertainty levels of these two impedances quantified, the accu-
racy of voltage stability assessment (e.g., VIP framework in [1])
can be further analyzed. This can help specify the requirements
of phasor measurement uncertainty in this PMU application.

III. NUMERICAL RESULTS

The proposed uncertainty quantification method in voltage
stability analysis is tested on the IEEE 39-bus system.3 The con-
tinuation power flow (CPF) module in PSAT is used to simulate
the underlying power system to obtain the voltage and current
phasor measurements. In the CPF computation, the demand at
each load bus is increased stepwisely until the bifurcation point
(i.e., the voltage collapse point) is achieved. For each steady
state, 150 samples of phasor measurements are used to compute
the Thevenin equivalent impedance with the RLS method.
We compute the uncertainty levels of the Thevenin

impedance at the voltage collapse point using the proposed
Algorithm 1, given different uncertainty levels of voltage and
current ( and ) phasor measurements, as shown in Table I. To
validate the analytical results, Monte Carlo (MC) simulations
are applied to calculate the uncertainty level of the Thevenin
impedance accordingly. Specifically, the current and voltage
phasor measurements are distorted by additive white Gaussian
noise with the variation indicated by the PMU uncertainty
levels in the simulation with trials. The uncer-
tainty levels of the Thevenin impedances are computed as the
standard deviation (in %) with respect to the true values over
the trials. We see that the Thevenin impedance uncertainty
quantified by Algorithm 1 matches the simulation results, with
relative errors within 2% of the simulation results.

IV. CONCLUSION

In this letter, the uncertainty levels of the Thevenin
impedance and the load impedance, in estimation of the
proximity of a power system towards voltage collapse, are
analytically derived in terms of uncertainties from voltage and
current phasor measurements. The results can be further utilized
to specify the accuracy requirements for PMU measurements
in voltage stability assessment.
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