0 N o

11
12
13
14
15
16
17
18
19
20
21

22
23
24

25

26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

Q3
Q4
Q5

IEEE TRANSACTIONS ON POWER SYSTEMS

Generalized Analytical Estimation of Sensitivity
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Abstract—Fast and accurate estimation of sensitivity matrices
is significant for the enhancement of distribution system modeling
and automation. Analytical estimations have mainly focused on
voltage magnitude sensitivity to active/reactive power injections
for unbalanced networks with Wye-connected loads and neglecting
DERSs’ smart inverter functionality. Hence, this paper enhances
the scope of analytical estimation of sensitivity matrices for un-
balanced networks with 1-¢, 2-¢, and 3-¢ Delta/Wye-connected
loads, DERs with smart inverter functionality, and substation/line
step-voltage regulators (SVR). A composite bus model comprising
of DER, Delta- and Wye-connected load is proposed to represent
a generic distribution bus, which can be simplified to load, PV,
or voltage-controlled bus as required. The proposed matrix-based
analytical method consolidates voltage magnitude and angle sen-
sitivity to active/reactive power injection and tap-position of all
SVRs into a single algorithm. Extensive case studies on IEEE and
EPRI networks show the accuracy and wide scope of the proposed
algorithm compared to the existing benchmark method.

Index Terms—Distributed energy resources, linear model,
renewables, step regulators, voltage sensitivity, unbalanced
distribution networks.

1. INTRODUCTION

ROADLY, sensitivity coefficients are defined by the first-
B order partial derivative of any state variables to the input
variable. In particular to the distribution network, sensitivity
coefficients generally refer to the partial derivative of nodes’
voltage magnitude (E) and angle (0) to active/reactive nodal

power injections (P /Q) and tap-position () of voltage regula-

. . OE OE OE 06 06 20
tors, i.e., 35, G 9 0P 5Q° and v Sensitivities to other net-

work’s state variables, such as line current and loss, are computed
using voltage magnitude and angle sensitivities [1]. Estimation
of voltage and angle sensitivities are generally provided as a
built-in function in transmission network simulation tools (such
as MATPOWER and DigSILENT) which typically employ the
Jacobian method [2]. In contrast, currently available distribution
network simulation tools, such as OpenDSS, PandaPower, and
DigSILENT, do not have built-in functions to estimate voltage
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and its angle sensitivities for the unbalanced system. It is mainly
due to the complexity of distribution network modeling and solv-
ing in the presence of multi-phased lines, loads, and distributed
energy resources (DERs) and their various configurations (e.g.,
variants of Delta and Wye connections).

Network sensitivities have been popularly used to achieve
closed-loop control of distribution networks for achieving volt-
age control [3], optimal economic operation [4], catering ancil-
lary services [5], and safely re-closing breakers [6]. With the
increasing penetration of renewable DERs and electric vehicles
indistribution systems, online feedback optimization is regularly
used to respond quickly to network changes. Majorly online
feedback optimization is dependent on sensitivities [6], [7].
Hence, fast and accurate estimation of sensitivities is of signif-
icant importance for the enhancement of distribution network
automation.

The methods to estimate voltage sensitivities can be broadly
classified into two categories, viz., (a) data-driven and (b)
model-based. Data-driven methods are typically neural net-
works trained to predict the sensitivities at various operating
conditions [8]. However, data-driven methods always require
high-quality and large datasets, and they are difficult to reveal
physical laws. Instead, analytical methods are physics-based,
which do not depend on high-quality and large datasets. An-
alytical methods can be further classified into two categories
based on their application to only radial networks [9], [10],
[11], [12], [13], [14] and to both radial and meshed distribution
networks [1], [15], [16], [17], [18].

The study in [9], [10] proposes a simplified approach to
compute voltage sensitivity coefficients in radial distribution
networks for constant current loads/sources and is further sim-
plified by neglecting phase differences among buses. However,
network control and operation consider a constant power model
of loads/sources, which limits the application of these methods.
Considering constant power models, the voltage sensitivity co-
efficients for radial systems are analytically formulated in [11],
[12], [13], [14]. The estimated sensitivitiesin [11], [12], [13] are
exact for the radial lossless networks and are generalized in [14]
considering the line losses.

The analytical methods applicable to both radial or meshed
distribution networks typically employ Z-matrix [1], [16], Y-
matrix [15], [17], or both Y- and Z-matrix [18] to express the
relationship between power injections and node/bus voltages
for sensitivity estimation. Formative work on sensitivity es-
timation of distribution networks is conducted in [1], where
the first-order partial derivatives of bus voltage with respect to
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active/reactive power injections are estimated by solving linear
sets of equations pertaining to nodal power injections. This study
is further enhanced in [16] by integrating voltage sensitivity
to the tap-position of a substation transformer in distribution
networks and by demonstrating its applicability in meshed net-
works. However, the application of both works [1], [16] are
limited to balanced distribution networks only. An influential
work on voltage sensitivity estimation in unbalanced distribution
networks is studied in [15] considering multiple slack and load
buses. The work is further generalized in [17] by considering
PV buses too. A Neumann series is applied in [18] to simplify
voltage sensitivity estimation to active/reactive power injections.
The works [15], [17], [18] only consider Wye-connected loads.
However, there are also Delta-connected loads that could be ei-
ther 1-¢, 2-¢, or 3-¢ in reality. Furthermore, many utilities (e.g.,
California and Arizona) are imposing DER interconnection rules
for elevating the grid’s hosting capacity, requiring DERs to have
smart inverter functionalities such as volt-var control [19]. The
volt-var control will enable a DER to support a grid with reactive
power when the voltage at its point of common coupling deviates
from the nominal value [20]. The potential impact of DERS’
volt-var control functionalities on voltage sensitivity is also not
considered in [15], [17], [18]. The smart inverter functionalities
directly impact the network voltage and are popularly used as
recommended by IEEE 1547-2018 [20]. Hence at large DER
penetration, it is significant to consider DERs’ smart inverter
functionality while estimating the sensitivity matrices. There
are multiple 1-¢ substation/line step-voltage regulators (SVR)
deployed mainly for voltage control, and the voltage sensitivities
to the tap-positon of such SVRs are not yet studied in the past
literature.

Hence, this paper enhances the analytical estimation of volt-
age sensitivity matrices in unbalanced distribution networks
considering DERS’ smart inverter functionalities, multi-phased
Delta/Wye connected loads, and substation/line SVRs. Further-
more, the proposed matrix-based method consolidates voltage
magnitude and angle sensitivity to active/reactive power injec-
tion and to tap-position of substation/line SVRs in a single
algorithm. The wide applicability of the proposed algorithm is
achieved by modeling each bus as a composite bus comprising
DER, Delta-, and Wye-connected loads. The composite bus
represents the reality of distribution buses, as there is no definite
load and generator bus in the distribution system. The composite
bus can be easily simplified to a generator (PV bus), load,
or voltage-controlled bus as required. The proposed algorithm
is tested in various IEEE networks, and the performance is
evaluated by mean absolute percentage error and mean com-
putation time. One limitation of the proposed method is the lack
of generalization for Delta-connected DERs. However, Delta-
connected DERs can be converted to Wye-connection to apply
this method.

The contributions of the paper are listed as follows:

e Formulate a generalized analytical method for voltage
magnitude and angle sensitivity matrices with respect to
active/reactive power injections and tap-position of SVRs.

® This proposed analytical method extends sensitivity ma-
trices to more realistic and comprehensive distribution
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networks, considering not only SVRs but also multi-phase
Delta- and Wye-connected loads.

e This proposed analytical method takes into account DERs’
smart inverter functionalities, greatly improving its gener-
alization ability and flexibility.

II. ANALYTICAL DERIVATION OF SENSITIVITY MATRICES

A. Modeling Unbalanced Distribution Network in Matrix
Form

For a general three-phase distribution network, the injected
node currents and node voltages are linked by its admittance
matrix as':

I=Y E (1)
Here, I=[I} I} 1},... .17 I}, I7]7, and E=
[EYELEL, ... E" Er E?)T. Here, the super-scripts

{1,2,...,n} denote the bus, whereas the sub-scripts {a, b, c}
represent nodes/phases associated with the corresponding bus.
The system admittance matrix Y is formed by clustering the
primitive admittance matrix of each network element such as
lines, switches, capacitor banks, transformers, and regulators
(e.g., [21]), and has the structure as follows:

[Gas Uit Yae Yoo Yap Ya |
Usa Uty Uie Yoo ot Upet
Yea Top Tee Yo Yot T
Yoa Ty Uie AT ST
Upa Tty Tpe AT AT
KTV i ger g ger

The distribution network comprises a few three-phase and
single-phase tap-changing transformers (also referred to as step-
voltage regulators) at the substation or along the line, primarily
designed for voltage regulation. As a result, its Y has to be
recomputed whenever the tap is shifted in those transformers.
To avoid the entire recomputation of the admittance matrix, we
formulate it as:

Y =Y°+6Y", 3)

where Y© is the admittance matrix when the taps are at the
nominal position and remain constant unless the distribution
network is reconfigured. §Y" is an incremental change in the
admittance matrix, which accounts for the change in admittance
due to shifting in the tap-position of regulators. Y is highly
sparse than Y°, and can be computed based on location and type
of regulator as:?

For all ((i,p), (j,k)) € R

8Y™ ((i,p), (j, k) = Y™ ((i,p). (45, k))  (4a)

'In this paper, every phasor, its conjugate and magnitude are denoted with a
bar above (e.g., X), below (e.g., X) and without any bars (e.g., X), respectively.
Additionally, normal matrix multiplication is denoted by -.

2The nodes are represented by a tuple (bus, phase), where bus refers to bus
name or number and phase is either a, b or c.
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bus injection—

composite bus
A-connected load

DER | /,

Y-connected load

Fig. 1. Composite bus model.

Forall ((¢,p), (j,k)) ¢ R

6Y" ((i,p), (4, k) =0 (4b)
Here, (i,p) and (4, k) represent the ‘from’ and ‘to’ nodes of a
voltage regulator, where ¢ and j are bus indices, and p and k are
phase indices. R is a set containing the ‘from’ and ’to’ nodes
of all voltage regulators in the distribution network. Y is an
incremental admittance matrix of each voltage regulator with
reference to its admittance matrix at the nominal tap position.
dY" for different types of regulator are shown in Appendix A,
B.

The distribution network comprises one or more interconnec-
tions with the transmission grid, referred to as slack buses, and
their set of nodes are represented by S. Unlike transmission
networks, distribution networks do not have a distinct generator
or load bus, rather both generators (referred to as DERs) and
load co-exist on the same bus. In addition, the DERs and
loads could be either three-phase, two-phase, or single-phase
in nature. Again, the loads could be either Wye or Delta con-
nected, whereas DERs are generally Wye connected [22]. Con-
sequently, the nodal current injection on distribution networks
is more heterogeneous than in transmission systems. Without
loss of generality, the distribution network bus injection is
modeled by three-phase Delta and Wye-connected loads, and
Wye-connected DER, as shown in Fig. 1. This composite in-
jection model can be easily simplified to any 1-¢ or 2-¢ or 3-¢
connection of loads and DERs. Furthermore, the composite bus
can also be simplified to model a generator bus (or PV bus) or a
load bus, or a voltage control bus. The set of nodes of composite
buses is represented by C.

For the sake of generic modeling, all the buses of the distribu-
tion network are considered to be composite buses. However, the
slack buses will be considered later while solving the network
power flow by converting their composite model to a slack
bus. With this proposition, the current injection vector of the
distribution network can be written as:

Ty —Ipav+1g= (Y +6Y")-E. (5)

Here 1 L~ and I are vectors of current injection from Wye-
connected loads and DERs, respectively. Meanwhile, TL, Ay
is a vector of current injection from Wye-transformed Delta-
connected loads. Note that (5) holds true only for nodal current
injections. Wye-connected loads are inherently nodal injections;
however, delta-connected loads inject the current across the
phases. Hence, all delta-connected loads are required to be con-
verted to equivalent wye-connection (I L,a-y) before equating
them in (5). The current injection form of (5) can be expressed

Q(var)
(a) y 0

>
—

O
-

underexcited | overexcited

Fig. 2. (a) 3-¢ Delta load. (b) Volt-var characteristic of DER inverter.

in terms of complex power injection as :>
—Siv—Srax+S¢=E0 (Y’ +6Y")-E. (6

Here Sy and S are complex conjugate of power injection
vector of Wye-connected loads and DERs, respectively. Sy, Ay
is a Wye-transformed load vector which is obtained by trans-
forming the vector of Delta load to Wye connection.

The  formulations presented in the  following
Sections II-A1-II-B1 are all novel contributions of the paper
apart from the fundamental equations.

1) Transforming Vector of Delta Load to Wye Connection:

A Delta-connected load (SL A) at bus 7 can be transformed to
equivalent Wye-connected (glL, A-) load using transformation

from [23]. With reference to Fig. 2(a), the transformation can be
expressed as:

e 0 El _
i ——a__ — = i
SL,a EtlliEib . BB SL,A,(Lb
qi — B _Ei_ 0 qi
Lb Ei-E] E.-E. L,Abe
_E_ B s
L,c 0 B F: i B? L,Aca
N
L&t =i ot
In short form: Sy A =1"-Sp A ®)

Note that (7) is also applicable for 1-¢ or 2-¢ Delta load
by assuming them as 3-¢ Delta load with 0 demand for
the phases that are absent. A vector of Delta loads S; A =

[SL As---» 57 a)" is converted to Wye-transformed load vector
a al an
SL7A-Y - [SL,A-Y’ ) SL,A-Y] as™:

SL,A-Y =T. SL,A where, T' = Diag{fl, LM 9)

2) Consideration of Smart Inverter Functionality in DERs:
With the increasing adoption of the IEEE 1547-2018 standards
by utilities, the DERs are required to provide voltage support
to the grid by means of smart inverter functionality. The most
commonly adopted functionality in DERS is volt-var support by
which the DERs absorb or generate reactive power based on the
voltage measured at its point of common coupling. An example
of the volt-var characteristic of a smart inverter is shown in
Fig. 2(b), by which the DER inverter provides dynamic reactive
support based on the Q-V droop (m) when the terminal voltage

3The Hadamard product is denoted by ® throughout the paper.
4Diag{} denotes a square diagonal matrix with the elements in {} on the
main diagonal.
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is between 0.9 to 1.1 p.u.. With such smart inverter functionality,
the imaginary component of complex power injection (S¢) in
(6) depends on the magnitude of the terminal voltage.

(1) I-¢ DERs: Complex power injection of a single-phase
DER connected to a node (i, p) is expressed as>:
= Pigp +dmig,(E, — Eiy )
For generality, the 1-¢ DER is assumed to exist on every node of
the distribution network. In reality, DERs may not be at all nodes,
however, the absence of a DER can be theoretically modeled
with an inverter with 0 active power injection and 0 V-var droop.

Hence, the vector of complex power injection of all 1-¢ inverters
is expressed as:

Sl¢ = P1¢ + 70 (E — E1¢)

Sipp (10)

D

m71L¢,a7 mﬂb,b’
my, .} Furthermore, E and E are the vector of voltage
magnitude and the reference value of voltages of all the nodes, re-
spectively. For example, E = [E}, EL, EL, ... E" Ep, EMT.
(ii) 3-¢ DERs: For 3-¢ inverter connected to bus 1, the reactive
power injection is computed from the similar volt-var character-
istics utilizing the average voltage of all three nodes [24]. Hence,
the complex power injection of a three-phase inverter would be:

— Di 1 1 1
Here, W = Diag{my, ,, Mi4p, Miger-- -

i i . i Lo i i Fi

S3¢ = P3¢ +Jm3¢ g(Ea + Eb + EC) — E3¢ (12)
Consider every bus of the distribution network with a three-phase
DERs with volt-var functionality, the vector of complex power

injection from all the DERs would be
Sz =P3s+§(Q-E—A Esy).

The derivation of (13) is detailed in Appendix C.

Finally, using (9), (11) and (13), the complex power injection
model of the distribution network (6) can be formalized consid-
ering all bus modeled in the form of proposed composite form
as:

13)

Sra+Se=E0 (XY’ +6Y")-E (14

S¢ =Piy+ Py — j(T+ Q) E— (¥ -Byy+ A-Byy)).

5)

B. Derivation of Sensitivity Matrices

In a distribution network, a node voltage depends on ac-
tive/reactive power injections (P /Q}) at any node (n,p) and
tap-position (s) of voltage regulators. Hence, it is compelling
to estimate the partial derivatives of voltage magnitude with
respecttou € {P}',Q},7s}, where (n,p) € SUCand s € R.
To find the general sensitivity equation, we assume a fictitious
source at each node. Fictitious sources (Sz) do not exist in the
network in reality (they can be visualized as a source injecting
zero active/reactive power injection). However, they are used in
the transmission system to study the impact on network voltage
for a small change in power injection at a particular bus [25].

Imaginary unit of a complex number is denoted by j throughout the paper.

IEEE TRANSACTIONS ON POWER SYSTEMS

The same concept of the fictitious source is utilized here and
assumed to exist in each node of the distribution system to
facilitate finding the derivative of node voltages with respect
to active/reactive power injections. Hence, (14) is re-written as:

SF—S.+—I-Sta+Sec=E0 (Y’ +6Y")-E. (16)

For constant load models (S L,y and S .,A), the derivative of (16)
with respect to u can be expressed as:

8SF aE . 8E 8E O v T n

. .%_J(qijQ)-%_%@(Y +0Y") - E+
E@Wuwr).%ﬁw@a‘g B (17)
Here, BS =0, Z(T'-8a) = H'%%an aasfuc:*j(q’ﬂL

Q) - 6]3. The former expression is true for constant load mod-
els whereas the proof of the second expression is shown in
Appendix D. It is to be noted that a (1" Sa) depends on

derivative of voltage phasors whereas 5 depends on volt-
age magnitude. Hence, we express voltage phasor in terms
of magnitude and angle. The voltage vector and its conjugate
can be expressed assE=E0AandE=E®A, where A =
[e7% €30 edf: . ed% 30 ¢3%)T Their derivatives with
respect to u can be further expanded as:

OE OE 00
au F@A+3E®$ (18a)
OE OE 00
8’& E ®A - jE@ 87 (l8b)

It is to be noted that A js substituted with aA =jA © 3 89 .On
substituting (18) into ( 17), we get:

_ _ OE 00
F=C.— +4D-
ou TP au
where C:(_31+C_32+03+C4 and D:I_)1+D2+D3
such that:

19)

C; = Diag{A ® (Y° +46Y") - E} (20)

C, =E0® (Y°+6Y") - Diag{A} (21)

Cs = —II- Diag{A}, Ci=—3(T+Q) (22

D, = — Diag{E® (Y° +6Y") - E} (23)

D; =E® (Y°+6Y") - Diag{E} (24)

D3 =II - Diag{E} (25)
F:%—E@%-E (26)

The matrix a and 89 in (19) are real, and this equation can

be segregated into two by equating real and imaginary compo-
nents. Then the resulting equation in augmented matrix form is

expressed as:
-3()] 48
RD) | [52]

Finally (27) can be solved for computation of voltage sensitivity
with respect to any input variable u. It is worth noting that

R(C)
3(C)

R(F)

_ 27
S(F)
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matrices C and D are constant matrices for a given operating
condition, whereas only F depends on the input variable w.

1) Voltage Sensitivity to Tap-Position of Regulators (u = 7):
The voltage sensitivity of all the nodes to a tap-position of any
regulator can be determined considering u = «y in (19) and its
solution is given by (27). For u = ~, f{f’—j =0and F in (26) is
simplified as:

-E (28)

Here F depends on the admittance matrix of regulators in
the distribution network. Y, §Y", and % for few type of
regulators are shown in Appendix A, B. Thereafter, the voltage
sensitivity matrix to a particular regulator can be determined by
solving (27). If there are s regulators, one way of estimating the
voltage sensitivity of the network is by solving a new set of (27)
for each regulator’s tap-position. For each regulator, the square
matrix on the left side of (27) is fixed whereas the right side
matrix has to be computed using (28). Alternatively, the voltage
sensitivity with respect to all the regulators can be determined
at once using the augmenting form of (27), as shown below.

R(C) —%(D)] [g‘f ...gﬂ_[%(Fl)...éﬁ(Fs)
3(C) wD) |[FZ . E I(F1)...3(Fy)
(29)

2) Voltage Sensitivity to active/reactive Power Injections
(u = P} or Qy): Voltage sensitivity to active power injection
(u = P}') from a particular node (7, p) is also determined using
(27). Foru = P}, F can be computed using (26) and would be

F = g%; ‘9§P§LT = 0. Furthermore, F can be deduced as:
_. 084 1, if (4,k) = (n,p)
Fi= 228 )0 T P ik ec (o
k opry {O, otherwise (i %) 0)

The voltage sensitivity to active power injection at each node
(n,p) € C can be found by solving (27) using (30) one by one.
It can be noted that for any node injections, the square matrix
on the left side of (27) remains constant. Hene, we express the
voltage sensitivity to active power injection from all the nodes
in C by an augmented form as:

R(C) —-3(D) lgg gg][ﬂm]v] an
S(C) RO) | [#r - %] lowew]

where 1 and 0 are an identity and zero matrix respectively.
Similarly, the sensitivity matrix to reactive power injection is
expressed as:

R(C) -S(D)| [#Ar - A% [ Ovaw 2
S(C) RD) | (5 e —Inxn

3) Consideration of Slack Buses: The derivation of network
sensitivity matrix in (29),(31), and (32) considered all the buses
to be of composite nature. All these equations can be expressed

color index Ext. Grid e

M 9
M 2
M

main
transformer

. RG 60  XFMm-1
bus index 646 645 3 634
— slack 632 6333
® load IA 1 ot Y
B composite 684 671 692

Fig. 3. Modified IEEE 13 bus system.

in short form as:

B,

B, (33)

o & [X

where X; and X, represent the voltage and angle sensitivity
matrices, whereas A, Ao, By and By are constant matrices.
The distribution networks have at least one slack bus and it is
important to consider the slack nodes before solving (33). For
any slack node (4, p), we can infer the following conditions.

—L =0and =2 =0 V(i,p) €S (34)
U u

To incorporate the nature of slack nodes in (33), we represent the
slack nodes’ (S) indices in E vector by a set Z. To incorporate
(34) in (33), we impose the following conditions.

1 ) —
Al(i,k)andAg(i,k):{ =R ke T 39
0, otherwise
Bi(i,k) and Bo(i,k) =0 Vie T (36)

4) Consideration of PV bus/node: Unlike transmission net-
works, PV buses (where the voltage is held constant to a fixed
value) are comparatively rare in distribution networks. A bus
connected with a very large DER may be operated as a PV bus in
the distribution network, however, the DER would require alarge
reactive power capability. Nevertheless, the proposed composite
bus can be modeled as a PV bus by considering the connection
of zero loads and a DER with a very large (theoretically infinite)
volt-var droop.

C. Algorithm Description

The algorithm for the proposed method is presented in
Algorithm 1. To compute the sensitivity matrices, this algorithm
necessitates network data, including Y°, R, the locations of
Delta-connected loads and DERs, and E. Tt is important to note
that these input parameters may undergo changes during network
operations and may also be affected by unforeseen disconnec-
tions of loads or DERs. Consequently, our algorithm relies on
situational awareness techniques, such as topology identifica-
tion, outage detection, and state estimation, as discussed in [26],
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Algorithm 1: Generalized Analytical Estimation of Sensi-
tivity Matrices.

Inputs: Network data such as Ye°, SVR configuration
and location (R), location of Delta-connected loads
and DERs, and node voltage vector (E).

Output: Sensitivity matrices

for any time step t: do

 Compute §Y7 if there is change in tap-position in
any SVRs and update Y using (3).

e Transform vector of Delta load to Wye using (9)
and compute IT using (47) and (50).

* Obtain vector of complex power injections from
DERs using (15) by computing ¥ and €2 using
(11), (13), and (46).

» Compute C and D using (20)-(25) and determine
A4, A5 by comparing with (33).

* Impose the condition of slack nodes in Aj, Az
using (35)

* For each SVR s, compute the matrix F. using
(28) and compute B, B, matrices.

« Compute 2E and g—g by solving (29).

)
* Compute %—% and g—g by solving (31)
e Compute % and g—g by solving (32)

end

particularly in online applications where real-time adaptability
is crucial.

However, for offline studies, all the necessary input parame-
ters are readily available and can be used without the need for
dynamic updates.

III. NUMERICAL TEST CASES

To validate the proposed algorithm, we will demonstrate the
results with visual and numerical verification. As sensitivities
are basically the first-order partial derivatives of a system state
to any input, we will show that the estimated sensitivities are
tangential to non-linear state v.s. input plots at various operating
points. For example, the voltage sensitivity of node (i,p) to
active power injection at node (7, k), i.e., glEj;

k
to Ezﬂ V.S. P,g curves. Furthermore, we will compare our results
with a perturb-&-observe method for estimating the errors and
benchmark with the existing analytical method [15].

should be tangent

A. Case Study 1: IEEE 13 Bus Distribution Network

IEEE 13 bus network is an unbalanced distribution system
with 1-¢,2-¢, and 3-¢ Delta and Wye connected loads as
shown in Fig. 3. It has only one substation transformer which
is connected to a 115 kV transmission line at the source bus,
which is the slack bus of the system, and has three 1-¢ SVRs
at the substation. To test the proposed algorithm for estimating
sensitivities, we created a composite bus at 632 and 680, where
a 1-¢ DER at node a and a 3-¢ DER both with volt-var control
are connected, as shown in Fig. 3.
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Fig. 4. Plot showing the alignment of computed voltage sensitivities of buses

675 and 634 to tap-position of regulatorl, with the corresponding V-tap curve
in the IEEE 13 Bus network.

1) Sensitivities to Tap-Position of Regulators: The proposed
algorithm computed voltage and angle sensitivity matrix to
tap-position of all three 1-¢p SVR. However, we will first focus
on sensitivity coefficients for the tap-position of SVR at phase
a for visual verification. To showcase visual verification, the
voltage and angle at all nodes of bus 675 and 634 were recorded
by solving distribution system power flow using OpenDSS at
various tap-position of SVR located at (650,a). The recorded
data have been presented in the form of solid lines for bus
675 and dashed lines for bus 634 in Figs. 4 and 5. Voltage
and angle sensitivity coefficients to tap-position of SVR were
extracted from the respective sensitivity matrices computed at
various tap-position of SVR (e.g., —15,—10, -5, 0, 5, 10, 15).
As the sensitivity coefficients are the slope of voltage and angle
to tap-position, a small line with a corresponding slope at the
operating point should be tangential to the plots obtained by a
series of load flow computations from OpenDSS. Such small
lines are shown in pink in Figs. 4 and 5. These pink lines are
visually tangential at every operating point under study, which
supports the estimation accuracy of the proposed algorithm.

Furthermore, the computed voltage and angle sensitivity co-
efficients are compared with the perturb-&-observe method. The
mean absolute error for all the operating points shown in Figs. 4
and 5 are below 9.2e-5 and 3.5e-6 for voltage and angle sensitiv-
ity estimation, respectively. From Fig. 4, one can see that when
the tap-position of SVR is increased, it progressively increases
the voltage at node (675,a), which is intuitive. However, it is not
at all intuitive to observe that the voltage at both nodes (634,a)
and (634,b) would increase with the tap-position of SVR. It
is mainly because of the XFM-1 transformer with Delta-Wye
configuration of HV and LV winding. It can also be noted from
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Fig. 5. Plot showing the alignment of computed voltage sensitivities of buses
675 and 634 to tap-position of regulatorl, with the corresponding 6-tap curve
in the IEEE 13 Bus network.
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Fig. 6. Plot showing the alignment of computed voltage magnitude sensitiv-
ities of buses 675 and 634 to active power injection at node (671,a), with the
corresponding P-V curve in the IEEE 13 Bus network.

Fig. 5 that the tap-changes of SVR do not impact node angle
significantly.

2) Sensitivities to active/reactive Power Injections: For vi-
sual verification, we will first focus on the voltage and angle
trajectory of buses 675 and 634 to active/reactive power changes
on the node (671,a). These trajectories were obtained by solving
load flow problems in OpenDSS, which are shown using solid
(for bus 675) and dashed lines (for bus 634) in Figs. 6-9. It

— (675a) —— (675,c) ~--- (634b) —— 06/OP
— (675b) --- (634,a) --- (634,c) -®-- error
169 40
120 1w —
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© —40 - w- 3
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$-120 -
1.5
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-1000 -500 0 500 1000
P-injection at (671,a) (kW)
Fig. 7. Plot showing the alignment of computed voltage angle sensitivities

of buses 675 and 634 to active power injection at node (671,a), with the
corresponding P-V curve in the IEEE 13 Bus network.
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Fig. 8. Plot showing the alignment of computed voltage magnitude sensitiv-

ities of buses 675 and 634 to reactive power injection at node (671,a), with the
corresponding Q-V curve in the IEEE 13 Bus network.

can be observed that the voltage and angle of nodes (675,a)
and (634,a) changed significantly with active/reactive power
injection in a node (671,a). However, other nodes at phase b and
c showed slight changes. These plots show that a three-phased
unbalanced distribution network is not intuitive because the
phases are coupled by the mutual reactance of the lines. The
proposed algorithm estimated the voltage and angle sensitivity
matrix to active/reactive power injections at selected operating
points, where the active/ reactive power injections at (671,a) are
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Fig. 9. Plot showing the alignment of computed voltage angle sensitivities

of buses 675 and 634 to reactive power injection at node (671,a), with the
corresponding P-V curve in the IEEE 13 Bus network.

—1000, —750, —500,. .., 1000 kW/kVar. From the computed
sensitivity matrix, the sensitivity coefficients pertaining to power
injection at (671,a) were located and used to draw a line having
the slope equal to the sensitivity coefficients, and are shown
by pink lines in Figs. 6-9. All these lines are observed to be
tangent to the corresponding plots obtained by a series of load
flow calculations.

Alternatively, the computed sensitivity coefficients are com-
pared with the perturb-&-observed method, and the estimation
errors were determined. The mean absolute error was determined
at each operating point and is shown by the brown line in
Figs. 6-9. The estimated error is small and less than 1.6e-6 in
all the operating points and all the plots.

B. Case Study 2: IEEE 123 Bus Distribution System

IEEE 123 bus distribution system is an unbalanced network
with multiple substations, multiple line/substation regulators,
1-¢, 2-¢, and 3-¢ Delta and Wye loads, as shown in Fig. 10. In
contrast to line regulators, the substation regulators are single
3-¢ type, where the step change in tap-position changes all
the phase voltages. To verify the capabilities of the proposed
algorithm, the system is modified to have a ring configuration
rather than a radial one by closing a switch between buses 151
and 300, as shown in Fig. 10. In addition, six 1-¢ DERs are
connected at nodes (6,c), (88,a), (109,a), (84,c), (43,b), and
(20,a), while two 3-¢ DERs at buses 28 and 56. In Fig. 10, the
DER-connected buses are shown by a composite bus for clarity.

For this case study, the visual verification of computed sensi-
tivity coefficients is illustrated only for the substation regulator
at bus 150. This regulator is the single 3-¢ type which was
not present in IEEE 13 bus system studied above. Visual ver-
ification for sensitivity to active/reactive power changes is not
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Fig. 10. Modified IEEE 123 bus system.

—— (300,a)
—— (300,b)

(610,b)
(610,c)

—— 9Vidy
--|-- error
le—5

8.2

8.0

[\53
o3
(=3
(=1

mean abs. error

13
o0
(=1

Voltage magnitude (V)

270

260

T
-15 -10 =5 0 5 10 15
tap-position of 3-¢ SVR at 150 bus

Fig. 11. Plot showing the alignment of computed voltage sensitivities of
buses 300 and 610 to tap-position of the 3-¢ regulator at 150 bus, with the
corresponding 6-tap curve in the IEEE 123 Bus network.

presented deliberately because of space constraints. However,
the numerical verification is studied in detail for all the cases in
the subsequent Section III-D.

The tap changes in 3-¢ regulator change the voltage on all
phases of the network. Assertively, Fig. 11 depicts the changes
in voltage at buses 300 and 610 with a change in tap-position of
3-¢ regulator located near bus 150. The sensitivity coefficients
were determined by the proposed algorithm for the operating
condition when the tap was at —15, —10,..., 10, 15. The ob-
tained coefficients were used to draw a line at the corresponding
operating point, and these lines are shown in pink color in the
same Fig. 11. All these lines are seen to be tangent, which
provides visual confirmation of the accuracy of the proposed
algorithm. Furthermore, the numerical verification of sensitivity
coefficients was conducted by comparing with the perturb-&-
observe method, and the mean absolute errors were less than
8e-5 for all the cases shown in Fig. 11.
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TABLE I
COMPARISON ON ACCURACY OF THE PROPOSED ALGORITHM WITH ANALYTICAL METHOD

Mean absolute percentage error |

‘ case

sensitivity | IEEE 13 Bus (41 nodes) | IEEE 123 Bus (277 nodes) | EPRI ckt5 (2,463 nodes) |

studies matrices

oV ov

*computes only 55, 5
oV 90 9V 06 9V 20

case studies conducted on these networks.
1) CS-A: All loads are considered to be Wye-connected and

Proposed Analytical Proposed Analytical Proposed Analytical
method method method method method method
OV /0P 0.02% 0.02% 0.04% 0.04% 0.02% 0.02%
00 /0P 0.05% N/A 0.07% N/A 0.04% N/A
oV /0Q 0.09% 0.09% 0.10% 0.10% 0.08% 0.08%
CS-A 20/0Q 0.01% N/A 0.02% N/A 0.09% N/A
oV /oy 0.01% N/A 0.06% N/A 0.03% N/A
00 /0~ 0.01% N/A 0.05% N/A 0.06% N/A
oV /oP 0.02% 19.86% 0.11% 14.64% 0.04% 20.4% s
00 /0P 0.04% N/A 0.06% N/A 0.07% N/A
ov/0Q 0.03% 84.11% 0.19% 52.91% 0.24% 48.41%
CS-B 90/0Q 0.01% N/A 0.05% N/A 0.07% N/A
oV /o~ 0.01% N/A 0.48% N/A 0.34% N/A
00/0~y 0.01% N/A 0.08% N/A 0.07% N/A
OV /0P 0.02% 21.32% 0.29% 18.23% 0.16% 25.50%
06/0P 0.04% N/A 0.35% N/A 0.21% N/A
ov/0Q 0.08% 59.80% 0.51% 43.29% 0.68% 56.95%
Cs-C 90/0Q 0.02% N/A 0.18% N/A 0.29 % N/A
oV /oy 0.01% N/A 0.67% N/A 0.25% N/A
06/0~ 0.01% N/A 0.10% N/A 0.09% N/A
TABLE 1T matrices by determining their mean absolute percentage er-
MEAN COMPUTATION TIME EVALUATIONS ror (MAPE) with reference to sensitivity matrices computed
‘ ‘ N v £ ‘ using the perturb-and-observe method and mean computation
ean com ation time . . . .
Methods pu time (MCT). To showcase our contribution, another analytical
~ | IEEE 13 Bus | IEEE 123 Bus | EPRL  cki5 method [15] is also evaluated with a MAPE and MCT, and our
(41 nodes) (277 nodes) (2,463 nodes) . cy . . .
performance is compared with it. Several case studies are studied
| Analytical* | 6.5ms | 57.7ms | 59s | in two test unbalanced distribution networks, such as IEEE 13
‘ Proposed* ‘ 16.1 ms ‘ 140.8 ms ‘ 117 s ‘ bus, IEEE 123 bus, and EPRI ckt5. Following are the details of

H3k OVaRw OV OU Ay 00
COmpUtes 35, 55> aq° 5Q° o~y o

C. Case Study 3: EPRI ckt5 MV/LV Distribution System

EPRI ckt5 is an unbalanced distribution system comprising of
981 MV and 1,462 LV nodes [27]. It has a three 1-¢ SVR at the
substation connecting the distribution system to HV transmis-
sion grid. Although, this test system do not have any delta loads
nor any distributed DERs, we added fifty 3-¢ Delta-connected
loads (5 kW with 0.93 power factor each) at MV network and
twenty-five 1-¢ DERs (10 kW each) at LV networks for the
sake of verifying the proposed method. The list of buses and
nodes with new Delta-connected loads and DERs are tabulated
in Appendix E.

For this case study, we have not provided visual verification
of computed sensitivity coefficients as the plots obtained were
similar to the above cases. However, the detailed numerical
verification is studied in the subsequent Section III-D.

D. Performance Comparison and Evaluations

The previous subsection illustrated the performance of the
proposed method pertaining to a few coefficients of sensitivity
matrices. This subsection evaluates the estimated sensitivity

DERs operated at a constant power factor.

2) CS-B: Loads are either Delta- or Wye-connected and
DERs operated at a constant power factor.

3) CS-C: Loads are either Delta- or Wye-connected and
DERs operated with volt-var control.

Table I shows the summary of the comparative study of
the proposed method in terms of MAPE at different test
distribution networks. For CS-A, all the sensitivity matrices
estimated by the proposed method are almost the same as
those estimated by an analytical method, however, the analytical
method was not able to estimate a few sensitivity matrices such
as 00/0P,00/0Q, 0V /0~, and 90 /0. In CS-B, where the
Delta-connected loads are present, the analytical method show
degraded performance with the MAPE of 19.86% and 84.11%
for the estimation of 9V /JP and 0V /0Q in IEEE 13 Bus,
respectively. Similar degraded performances were observed for
the other two test networks, as shown in Table I. Whereas the
proposed method performed equally well for CS-B as in CS-A.
In CS-C, the Delta- and Wye-connected loads are the same as in
CS-B, however, the DERs are operated with volt-var control. In
this case study, the analytical method had degraded performance
in all the three test system. In IEEE 123 Bus system, a MAPE
of 18.23% and 43.29% were seen for estimation of 9V /0P and
OV /0Q matrices, respectively. Furthermore, a MAPE of 25.5%
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and 56.95% was observed in EPRI ckt5. In contrast, the proposed
method was better in the estimation of the sensitivity matrices
albeit a small increment in MAPE was observed in comparison
to CS-A and CS-B. The proposed estimation method performed
consistently better for all case studies CS-A, CS-B, and CS-C
even for a larger test case, IEEE 123 Bus and EPRI ckt5.

The performance comparison in terms of MCT with the
analytical method for three different test networks is highlighted
in Table II. We conducted 1000 runs of both the proposed
and another analytical algorithm [15] to compute their MCTs.
Table II reports the evaluated MCT on a Windows workstation
with a 2.9 GHz Xeon(R) processor and 16 GB RAM. It can be
noted that the MCT of the proposed method is approximately
twice that of the analytical method. However, it’s worth noting
that our method provides six sensitivity matrices, whereas the
other method only provides two sensitivity matrices.

IV. CONCLUSION

This paper proposed an analytical matrix-based method for
the estimation of voltage magnitude and angle sensitivities to
active/reactive power injections and tap-position of the step
voltage regulator (SVR) in unbalanced distribution networks.
The proposed method is capable of estimating the sensitivity
matrices to the tap-position of all line/substation regulators.
Additionally, it is applicable for an unbalanced network with
both Delta- and Wye-connected loads and with DERs having
smart inverter functionality such as volt-var or power factor
control. The reason behind such generic applicability of the
proposed method is due to the composite bus modeling of each
bus, which can be further deduced or simplified to any specific
case of 1 — ¢, 2 — ¢, or 3 — ¢ Delta/Wye loads/DERs and their
combinations.

The proposed method is tested in unbalanced distribution test
networks with various characteristics such as radial topology
in IEEE 13 bus, ring topology (multiple slack buses) with line
regulators in IEEE 123 bus, and a MV/LV network with LV
dominated circuits in EPRI ckt 5. The accuracy of the proposed
method is evaluated by computing a mean absolute percentage
error with reference to the perturb-&-observe method and by
mean computation time. Additionally, the proposed method is
compared with another analytical method for benchmarking.
Compared to the other analytical methods, the proposed method
is more accurate in the presence of Delta-connected loads and
DERs with volt-var control. The mean error of the proposed
method is less than 0.7% for all the case studies and for all the test
distribution networks. Furthermore, the proposed method takes
only twice the amount of time for computation compared to the
other analytical method, even though it involves the estimation
of four additional sensitivity matrices.

One limitation inherent in the current work is the inability
to integrate Delta-connected DERs within our formulation. We
acknowledge this limitation and are committed to addressing it
in our future research endeavors. It is important to note that our
proposed method relies on specific input parameters, namely,
an admittance matrix and the precise locations of DERs. Conse-
quently, to adapt to any network reconfiguration or occurrences
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Fig. 12.  Two port model of SVR.

such as the loss of DERs, our method will necessitate inputs
from situational awareness techniques. These techniques will
play a vital role in providing the required information to apply
our formulation effectively and adaptively.

APPENDIX

In all the matrices listed below, ¢ is short circuit impedance,
t1/to is the tap ratio, v is a tap number, and A is the step
voltage change of the regulator.

A Y7, 6Y", and 257" for 1-¢ SVR

We consider the generic model of SVR that corroborates with
OpenDSS, which comprises of tap setting at both ‘from’ and
’to’ sides, as shown in Fig. 12. The admittance matrix of SVR
is expressed as:

R S

Vo t tita

Y=l % & (37
tity 2

1) 1-¢ SVR With Tap Setting At ‘from’ Side: To model an
SVR with tap provision at the ‘from’ side, we sett; = 1 + yAx
and to = 1. With this we can obtain its Y from (37) and its 6Y",
and % are expressed as:

v
2 1
A
& 0

(38)

2) 1-¢ SVR With Tap Setting At ’to” Side: Here, wesett; =1
and to = 1 + vAy, to obtain its Y, and % as:

_ 0 1-2X| asvyr 0o =
oY = yr 1 1 f2 5 = gTAK t2
1 1 10" 1 _2

ta 13 v 23

B. Y7, 0Y", and mavT for Wye-Wye 3-¢ SVR

Again, we consider the generic model of 3-¢ SVR that cor-
roborates with OpenDSS, which comprises of tap setting at both
“from’ and ’to’ sides. The key difference between three 1-¢ and
3-¢ SVR is that individual phase voltage could be controlled
in the former one whereas all phases are affected when the
tap-position is changed in the latter one. The admittance matrix
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632 of Wye-Wye connected 3-¢» SVR is expressed as: TABLE III
T - . LOCATION OF ADDED LOADS AND DERS
% 0 0 —% 0 0
0 gr () 0 0 7577? 0 ‘ ‘ Buses or Nodes
t7 1l2
B 0 0 iz 0 0 - 3. | 8163, 8164, 829, 834, 44582, 8160, 6584, 8113, 8124,
Y= o i G 1t Delta | 14880, 63707, 63657, 63658, 69478, 69477, 8184,
-5 U 0 = 0 0 loads | 39595, 39582, 796, 791, 58441, 58446, 846, 98795,
0 _ gt 0 0 gr. 0 56777, 56778, 44586, 62239, 46394, 46393, 14879,
1tz - t3 - 62265, 62262, 58430, 58429, 105409, 52524, 8111,
0 0 -4 0 0 = 1023346, 28199, 28196, 62264, 99420, 14828, 841,
- 2 - 8083, 782, 783, 63714, 63711
(40)
. . . 1-¢ | (X_62251_3, ), (X_62232_2, ¢), (X_63633_1,b 2),
633 0Y" and o for Wye-Wye 3-¢ SVR can be obtained from DERs | (X_63677_1, a), (X_837_3, b), (X 28237 2, c),
634 (40), following the steps shown for 1-¢ SVR in Appendix A. (X_62262_1, b), (X_28287_1, a), (X_1144266_1,
b), (X_8183_2, a) , (X_56756_2, b), (X_28227_2,
P B ¢), (X_56751_1, a), (X_63673_1,c), (X_8125_4, ¢),
635 C. Complex Power Injection From 3-¢p DERs (X 62265 1. b). (X 8095 2.0). (X 39753.1. b).
636 The complex power injection of 3-¢ inverter with volt-var (X_14993_1, b), (X 8099_2, c), (X_46385_2, b),
637 functionality would be: (X_46385_3, b), (X_39758_2.b), (X_659%4 3, b),
(X_94730_1, b)
_ 4 N , , .
Siu = Plo+imiy (B4 B4+ ED - B3| @)
638 Here, S& » 1s a total power that is divided uniformly among three D. Sensitivity of Wye-Transformed Delta-Connected Loads
639  phases by the inverter controllers [24]. Hence, active and reactive When constant power Delta-connected load at bus i is trans-
640  power injection at each phase of bus ¢ would be: formed to Wye, the resulting Wye-connected loads (giA_Y) be-
[P3f¢ ) P§¢ . Péd) C]T [P§¢, P§¢, Pi } (42) (i(;me vc?ltage dependent as'shown b.y ). Tl'le sensitiYity of
' ' ' 3 Sa.y with respect to any input variable w is determine by
, - differentiating (7), and on after rearranging, we get (47) shown
i 1t i i
Q?;cﬁ,a 3 (3 (B + B+ Ee) — 3¢) at the bottom of this page. In short, (47) can be expressed as:
Qspp| = 3 (%(El + Ej+E.) - §¢) 4
. A al
Qe Tie (L(BS 4 B} + Ei) — B, Biav _ i OB (48)
(43) ou Ou
mi,  mi, mi, pi Utilizing (48), the sensitivity of the vector of Wye-transformed
9 9 9 a Delta loads can be expressed as:
_ | m3e ms, mi, Ei
9 9 9 b _ _
mb mh mk 7
e Tge Toe] LB OSav _ g 9B (49)
‘ Ju ou
L PR 0 a0
v m 3¢ where,
— 3 3
0 3¢ 0 A?"qb & al an T
0 0 mg"” L3y Sax =[Sax:--,Say]
(44) and I = Diag{IT, ... TI"}. (50)
=Q"-E' - A"-Ej, (45)
641 Hence, the vector of complex power injection from three-phase E. Details on Modified EPRI ckt5
642 DERs at each bus would be: We modified the EPRI ckt5 by adding 3-¢ Delta-connected
S . ~ loads and 1-¢ DERs at the locations listed on Table III. The
Sso =Py + (- E—A-Ey). (46) names of buses and nodes are adopted from official realase of
643 where = Diag{Q',...,Q"} and A = Diag{A*,...,A"}  EPRI ckt5 [27].
054, B §;bEg B sga B SapEl SiaBq o
du (Bi-E})? (Bi-Ei)? _ o (Bi-Ey? (B -Eg)* du
352,b = — ,,abEb S_;b@. Séc?é SZ}C?Z’ 9L, (47)
du (EL-E})? (BL-Ep)?  (By—-EL)? _ (Ej-ED? du
95A.c Sia B¢ b Ee Spely SiaEg oF,
u (Bi-E})? (B,~E%)? (By-Ey)?  (Bi-Ey)? gu
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