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Variables
[v, vo] Squared voltage magnitudes of the PDNet
buses
b, Bias vector of n? layer
4 Nodal injection active power of the PDNet
q Nodal injection reactive power of the PDNet
W, Weight matrix of % layer
W, Weight matrix of n, layer
P Line active power of the PDNet
0 Line reactive power of the PDNet

J(®) Total loss of the PINN model

Re Regularization term

0y Parameters emerging physical information

o Parameters without physical information
embedded

Lgn Prediction error of physics-inspired module

Lo PINN model prediction error

De Active power collected from SMs

qc Reactive power collected from SMs

v{)* Head node squared voltage of SDNet /

Ve Squared voltage magnitudes derived from

SMs

I. INTRODUCTION

ROLIFERATION of distributed energy resources (DERs),
Psuch as residential photovoltaic (PV) systems and elec-
tric vehicles (EVs), is reshaping modern distribution power
networks. Spurred by technological growth and ecological
needs, these DERs are increasingly connected to the low-
voltage secondary distribution networks (SDNets), upending
traditional energy practices. However, the integration of DERs
introduces numerous operational and reliability hurdles. A
prevalent issue is the voltage rise due to distributed PV, making
it harder to maintain voltages within the ANSI C84.1 toler-
ances [1], [2], given the reverse power flow (PFlw) in the case
of excess power generation. Hence, it is of great importance
for utilities or distribution power companies to perform voltage
calculations, enabling the design and development of effective
voltage control strategies for the safe and reliable operation of
distribution networks [3].

Voltage calculations rely on distribution network models,
but these models are typically absent in SDNets populated
by residential PV and electric vehicles. Although some utili-
ties may record SDNet information, including topology, line
parameters, and customer connectivity from transformers,
maintaining or updating these models can be time-consuming
and costly. As a result, these recorded models are mostly
outdated or contain errors [4], critically impacting the accuracy
of voltage calculations and model-based hosting capacity
results [5].

As an alternative, electric model-free voltage calculation
methods have gained increasing attraction with the rise of
machine-learning technologies and the mass adoption of smart
meters (SMs), presenting a promising solution to the outlined
challenges. Rather than using electric power models for PFlw
analysis, these methods leverage regression techniques to
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analyze historical SM data (i.e., P, Q, and V) and identify the
correlation between load data and the voltage data from SMs.
With this well-established mapping relationship, the voltage
at customer nodes can be calculated in various scenarios by
specifying the customers’ active and reactive power (i.e., P
and Q) at a given moment.

In recent years, there has been a significant upswing in
scholarly interest in data-driven or model-free voltage cal-
culation methodologies. These can be bifurcated into two
primary categories: linear and nonlinear regression-based
methods.

Class I - Linear regression-based methods: These methods
mainly focus on the linearization of the PFlw model [6].
In the pioneering work by [7], a data-driven linearization
approach of PFlw models was proposed, employing partial
least squares-based and Bayesian linear regression-based algo-
rithms to address collinearity and avoid overfitting of real
operation data. Similarly, a robust data-driven linearization
model utilizing linear support vector regression is presented
in [8]. The ultimate goal of these methods is to estimate
the parameters of the linearized PFlw model, then conduct
voltage calculations based on these PFlw models. Further
pushing the boundaries, a novel two-step regressor combining
multiple techniques was proposed in [9]. This innovative
methodology integrates linear and nonlinear regressors into a
unified model, resulting in enhanced predictive capabilities, as
evidenced by a substantial reduction in error across simulation
scenarios.

Class II - Nonlinear regression-based methods: These meth-
ods leverage nonlinear regression, with a particular emphasis
on neural network-related approaches, owing to their adept-
ness in capturing the inherent nonlinearities present in PFlw
problems [10], [11], [12], [13], [14], [15], [16]. Specifically,
authors in [10] put forth a deep belief network-based PFlw cal-
culation method that, in addition to active/reactive power data,
incorporated topology information to account for variability
due to system topology changes. A deep neural network-
based approach is proposed to depict the high-dimensional
load-to-solution mapping and directly solved the optimal PFlw
problem [17]. In [18], the authors introduced two voltage
change prediction models leveraging deep neural networks,
validated using three datasets. While the model’s extrapolation
capability was evaluated, the paper did not discuss methods
for its enhancement.

Despite the valuable findings obtained from numerous
studies focusing on developing model-free voltage calculation
methods, several intricate challenges still necessitate further
deliberation and exploration.

First, most existing studies focus only on primary distri-
bution networks (PDNets), overlooking SDNets where SMs
are usually installed. This oversight often results in the
use of unconventional measurements, such as distribution
transformer readings, making such methods incompatible
with residential SM data. In response, neural networks are
adopted in [13], [14] to model the relationships among his-
torical SM data in the corresponding SDNet. However, the
model’s performance may falter when transformer-customer
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connectivity is inaccurate. This inaccurate connectivity
information may also inflate calculation errors.

Second, many of these methods perform poorly for
high-impact, low-probability extreme voltage scenarios
(e.g., voltages are less than 0.95 p.u. or greater than 1.05
p.u.) due to insufficient extreme voltage scenario data [16].
However, the prediction performance for extreme voltage
scenarios is crucial since those scenarios necessitate voltage
control [9]. These scenarios require the neural network
model to have extrapolation capabilities, given that target
voltage values often reach the boundaries (e.g., 0.95 pu and
1.05 pu). Extrapolation refers to a model’s ability to make
accurate predictions for input data outside the range of its
training data. While the model in [13] claimed enhanced
extrapolation capabilities by adding aggregated active and
reactive power of customers as input and forming multi-
outputs, the core component of the model is still a multi-layer
perception-based (MLP) model. Such a model has been
shown to struggle with extrapolating most nonlinear tasks
due to their linear extrapolation. The existing literature rarely
discusses the reasons for the model’s extrapolation ability they
claimed [19].

Third, these previous model-free voltage calculation
methods are typically black-box, lacking physics-informed
interpretability. Unlike deep neural networks, PINNs offer
enhanced interpretability and reliability in machine learning
applications [20]. PINNs come in various paradigms, with
the most prevalent one employing a physics-informed loss
function to steer model training. For instance, Power-GNN,
proposed in [21], addresses the state and parameter estimation
challenges by constructing a loss function rooted in PFlw
equation residuals. Reference [12] introduced a physics-guided
neural network for PFlw problems, utilizing an MLP as
encoder and a Kirchhoff’s laws-based bi-linear neural network
decoder. The model employs a tailored loss function to
minimize voltage prediction errors and power mismatches,
enhancing convergence and accuracy through the integration
of physical laws. However, its adaptability to unbalanced
primary-secondary integrated distribution networks remains
uncertain. Beyond loss function modifications, another notable
approach involves the physics-informed design of architecture.
This strategy uses physical principles to guide the neural
network’s architecture, either by infusing physical signifi-
cance into hidden layer outputs or by directly altering the
network’s connections. Reference [15] introduces a deep
neural network with a skip-connection structure, inspired
by the cyclic nature of the prox-linear solver, to facilitate
efficient training. Reference [22] balances computational effi-
ciency and PFlw analysis accuracy using an encoder-decoder
framework and message propagation among nodes but is
limited by its strong physical assumptions and dependence
on the Newton-Raphson solver. Reference [13] proposes
a model-free voltage calculation model incorporating total
loads to address upstream voltage fluctuations but it lacks
physical interpretability. Overall, prior studies rarely consider
using customized and physical rule-inspired neural networks
that are suitable for distribution networks to improve the
performance and extrapolation ability of voltage calculation

models [10], [14], [16], and how to combine the different
paradigms can be further explored as well.

In light of these challenges, this study proposes a model-free
voltage calculation method for distribution networks based on
a customized PINN. The main contributions of this work are
summarized as follows:

o This study presents a coupled distribution PFlw model
for integrated primary-secondary networks, laying the
foundation for the physics-inspired structure design of a
customized neural network.

o This paper proposes a model-free voltage calculation
method via a PINN tailored to the needs of diverse
operational and planning scenarios. The proposed model’s
physics-inspired structure greatly enhances extrapolation
capabilities beyond existing methods, supported by test
results on the distribution models and the successful
application in PV hosting capacity (HC) calculations.

o The proposed PINN model exploits its physics-
inspired structure to capture the PDNet-SDNets’ physical
information, relying solely on SM data. Based on
the extracted physical information, we develop a
transformer-customer (TC) connectivity identification
method, illustrating the PINN model’s application in
distribution power network information awareness tasks.

The rest of the paper is organized as follows. Section II
presents the coupled linearization of the distribution power
flow model for primary and secondary networks. The physics-
inspired model free voltage calculation model is formulated
in Section III. Section IV presents PINN voltage calculation
model applications, including model-free locational PV host-
ing capacity calculation and transformer-customer connectivity
identification. Numerical results on the proposed model are
given in Section V, and the paper is concluded in Section VI.

II. PDNET-SDNETS COUPLED POWER FLOW MODEL

In this section, we develop a coupled distribution PFlw
model for integrated primary-secondary networks to assist in
designing the structure of the PINN model. Our focus is on a
residential distribution feeder that comprises both the medium-
voltage PDNet and the low-voltage SDNets. The SDNets
consist of single-phase connections! that link to the PDNet
through single-phase service transformers (STs). We operate
under the assumption that all customers are connected to the
feeder via SDNets and that the SM data for all these customers
is readily accessible.

A. Linearization of Power Flow Model for PDNet and
SDNets

Consider an unbalanced three-phase radial PDNet contain-
ing N 4+ 1 buses, whose index set can be represented as
{0} (NP, where O denotes the slack bus and set NP =
{1,2,...,N} is the index set of all other buses in the PDNet.
The indices of nodes that are connected with SDNets are

denoted as N = {n}*, n3*, ... nl*}, where N C N”. Let

lDespite using a split-phase triplex cable in reality, our model approximates
it as a single-phase 240V connection via Kron reduction and balanced current
assumptions.
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vectors v, p and g collect the squared bus voltage magnitudes,
nodal net active and reactive power consumption of the
primary network. Based on the assumption that the line losses
are small and that the voltages are nearly balanced [23],
the PFlw relationship of the primary distribution system can
be represented with the LinDistFlow model, and compactly
expressed in a graph-based form [24]:

AP = —p,
AQ: —-q,

[Ao, AT]|:VVO:| =2(DP+ D0 ), (1)

where Ag € R3V*3 represents the three-phase connection
between busg and each of the other buses; A € R33N g the
incidence matrix for the PDNet that represents the three-phase
connection among all non-head buses. D, and D, are block
diagonal matrices that collect the line impedance matrices. The
LinDistFlow model in (1) establishes a linear mapping from
the PDNet’s nodal power injections to the squared voltage
magnitudes, and the linear relationship is determined by the
system topology information.

Following the linearization of PDNet PFlw, we investigate
the corresponding SDNet model, as residential customers are
commonly connected to low-voltage SDNets. For convenience,
we denote the selected network as SDNet(n , ), Which
signifies that the SDNet is electrically connected to bus ”0
of the PDNet through a phase-¢, lateral line. For clarity in
notation, we define J* = {né*,(ﬁj}. Any variable with the
superscript Jx denoted as (-)’* signifies it belongs to the
specific SDNet(né*, ¢y) connected to the PDNet.

By referring to the impedance of the ST’s primary and
secondary winding to the same voltage level, SDNet(n(J)*, dy)
can be considered a single-phase radial network. In this
representation, the primary winding of the ST, identified by

é* € N3, acts as the head bus, and its squared voltage
magnitude is denoted as v/*, being an element of vector vg.
Let M/* = {1,...,n/*} be the index set of non-head buses
in SDNet(né*, ¢7). Then, we collect the net bus consumption
of active and reactive power, as well as squared nodal voltage
magnitudes of the SDNet, into vectors pJ*, q] * and v/*
Similarly, assuming negligible line and transformer losses, the
PFlw in the single-phase SDNet(né*, ¢7) can be approximately
expressed by using the linearized DistFlow equations, which
can be concisely represented in a graph-based compact form:

v]* — _ 2[AJ*]—TRJ*[AJ*]—IPJ*

_ Z[AJ*]*TXJ*[AJ*]*qu* _ T I

AT et @)

Jx Jx . . .
where [aJ * (A7) e RUT+HDxn" §g the incidence matrix of

the radial topology graph, R’* and X/* are diagonal matrices
whose entries are the line resistance and reactance in the
SDNet, respectively. Considering that A”* ao , R”* and X7*

arise from the topology information of SDNet(n0 , 00, 2)
can be written in a more compact format as (3):
VJ* — _B]*pj* _ Cj*qj* _ vé*m]*, (3)
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where

B Z[AJ*]fTRJ*[AJ*]fl c Rnf*xn!*’
Jk

C — Z[AJ*]_TXJ*[AJ*]_I c Rni*xni
m’* = [AJ*]_Taé* c Rn{*xl_

In this transformation, the complex coefficients are encap-
sulated within the newly introduced matrices B’*, C’*, and
m’*. Notably, due to the inherent properties of the coefficient
terms, both B/* and C’* manifest as symmetric matrices. In
practical SDNets, not every bus is connected with load. Given
the majority if measurements in the SDNet are obtained from
SMs installed on the customer side, our attention is specifi-
cally directed toward buses serving customer loads. Buses of
the SDNet without customer connections are excluded from
consideration, as they do not yield measurable data. As a
result, (3) can be further modified to represent the relationship
among the SM measurements. Let NV/* denote the set of buses
with loads in SDNet(nJ*, #1), where N7* € NV*. We define
vectors v/*, p/* and g’* of size ¢/* x 1 to collect the squared
voltage magnitudes, net active and reactive power consumption
for all buses with loads. Here, ¢/* represents the number of
load buses in the network J, and (3) can be further reduced
to (4):

C BJ* J* CJ* _ Vé*mi*, (4)
where
Jx J:
B/* = [Bi*(x, y)]xe./\/(j*’ye'/\/'é/*,B‘C,* e R xe
Jx J:
clr = [Cﬁ*(x, y)]xe./\/']* YyENT* Clr e R

mi* = [mj*(x)]xejw*,m e R

The matrices B’ o, Cﬁ*, and mg* are derived from B’*,
C’*, and m’* by removing the entries associated with buses
without connected loads. Fig. 1 depicts the architecture of
the integrated primary-secondary distribution networks. Within
this illustration, two SDNets connected to distinct phases are
highlighted in blue and red, respectively, to provide a detailed
representation of the network structure.

B. Primary-Secondary Distribution Network Combination

For a distribution network, the PDNet and SDNets are
interconnected through STs. The aggregated power of the STs
plays a crucial role in shaping the PFlw within the PDNet.
Consequently, any changes in the PDNet’s PFlw directly
impact the sub-SDNets, specifically by altering the primary
side voltage of the STs connecting them. When constructing
the primary-secondary combined PFlw model, it is essential
to consider this interdependence. The core of this coupling
lies in the voltage of the ST’s primary windings, which
act as pivotal points. These voltage levels serve to connect
the two-level PFlws, seamlessly integrating the PDNet and
all SDNets into a unified framework. To comprehensively
formulate the coupled PFlw model, we consolidate all SDNets
into a compact expression, focusing on the role of v in
connecting all components.
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Distribution
Substation

Transmission
network

Fig. 1. The structure of integrated primary-secondary distribution networks.

Let I represent the number of SDNets in the distribution
feeder. The measurements of all load buses in the SDNets can
be compactly denoted by column vectors of size N, x 1, where
N; = Z;Z{ n!* represents the total number of load buses in
the feeder, equaling the customer number. The last term in (4)
can also be collected in a column vector as:

pe=[ ) (][] ]

wy e (vrplr gt se{2,.. 1,
e 117 2w, 24677 e
m, = |: [vo*mc*] ,[vo*mc*] ,...,[vo*mc*] i| ,

where p. is a substitutable variable representing p,., g, or v,
which denote the loading data and squared voltage data from
the customer side. Then (4) can be expanded to reflect the
relationship between voltage and power consumption of all
load buses in the feeder:

Ve = _Bcpc y— chc —mg, (5)

where
B. = diag(B}.*, B>, ... Bi*),
C. = diag(cg*, ..., cg*).

In the context of the combined model represented by (5),
several important points exist to be considered. Firstly, matri-
ces B, and C, are derived from the topology information of
all the SDNets. As per the equations, it is evident that these
matrices are symmetrical and sparse. Secondly, the vector m,
is influenced by both the SDNet topology and the head node
voltage [v(l)*, R v{)*] of the SDNets. The head nodes represent
the primary side of the STs, directly connected to the primary
network buses. This implies that the voltage of the primary
network buses can impact the voltage of the load buses. At
each time instance ¢, if we hold the constant components
and separate the varying components of the voltage, the head
node voltage can be expressed as [v!* + Avl(r),... vI* +
AV (0], where vﬁ* represents a constant voltage value, and
AV (f) represents the voltage fluctuation at time #. As a result,
the vector m, can be decomposed into m and m?, where
m’. represents the constant component, and m,:A represents

c
the fluctuating component. Notably, m2 exhibits intricate

wuy Distribution

YT transfomer L

| PDNet SDNet Customer

relationships with customer load, voltage regulators, PDNet
topologies, and other factors that can influence changes in
PDNet’s PFlw, making explicit calculation challenging. Thus,
assuming fixed topologies and mainly considering customer
loads and voltage regulators, the voltage variance item ch
can be represented as ¥ (p., q.,r), with W(-) representing
the voltage variance relationship, and r denoting the actions
of voltage regulators in the PDNet. Thirdly, for enhanced
performance, accounting for linearization errors is crucial,
especially when considering SDNets, which exhibit greater
losses than PDNet due to their lower voltage. These errors
are related to the squared line power and squared voltage
terms, indicating their association with the quadratic terms
of customers’ net active/reactive power consumption and the
squared voltage [24]. Due to its complexity, we represent the
error term implicitly as x (p¢, ¢, ve), where x(-) represents
the complex relationship. In summary, taking into account the
above discussions, the final expression of the PDNet-SDNets
coupled PFlw model can be written as follows:

ve = Ep.+Hq, _mi + W (Pc,qe. 1)+ XPe. ge, Ve),
E= —-B.H=—-C,

K 1% I*T 2% Z*T VES I*TT
m’ = [vs mc] ,[vs mc] v MY

In the next section, we will design the PINN model based on
the format of the combined PFlw model mentioned above and
the characteristics of the coefficient matrices.

(6)

III. PHYSICS-INSPIRED MODEL-FREE VOLTAGE
CALCULATION METHOD

A. Model-Free Voltage Calculation Problem Restatement

The essential thinking of our model-free voltage calculation
method is to learn and model complex multi-dimensional
underlying relationships between the input loads (P, Q)
and corresponding voltages (V). The relationship can be
simply modeled as V = F(P, Q). In our problem, load
data P, Q, and V represent the system measurements in
a period of time collected by customer-side SMs. Based
on model training, the function F(-) can be obtained by
estimating the model parameter  learned from the SM data.
Unlike previous works, our approach does not rely entirely

425

426

427

4

N

8

429

IS
@

0

431

432

433

4

@

4

435

4

@

6

437

438

4

@

9

IS
i

0

441

442

443

447

448

449

450

451

452

453

454

456

457

458

459

460

461

4

3

2



463

464

465

466

467

468

469

470

47

472

473

474

475

476

477

478

47!

©

480

481

482

483

484

485

486

487

48

®

489

490

49

492

493

494

495

496

497

498

Physics-inspired Module

i = )
N2 Wcz[éffif]Mch

-Wb

Linearized Error Compensation Module

L.

B— %
IL:3N, HL:2N, HL,:2N, OL:N,

*»  Data Flow

Calculation

. Input/Output
Data

f: Tanh(-)

f.: Linear Activate
Function

IL: Input Layer

HL: Hidden Layer

O v '

IL:INA42 HL:2N, HL,2N, OL:N, (O3 (Ot e

Fig. 2. The structure of the proposed PINN model.

on implicit PFlw relationship mapping. Instead, the PINN
model is designed to implicitly learn the highly nonlinear
components of the PFlw model that cannot be directly derived,
while explicitly capturing the remainder and preserving the
physical structure. With the integration of a physics-inspired
structure, our goal is to enhance the model’s extrapolation
ability. The model’s parameters thus consist of both physics-
inspired and conventional components. Overall, this paper’s
focus can be summarized as v. = F(p,,q,.; 0, 05), where
6, denotes the parameters emerging physical information;
the other parameters are included into 6. This paper will
demonstrate how to design the F(-) model and present a
customized framework to train the parameter ©® = {0;, 0y}
based on the dataset Dy = {v¢,p.. q.}.

B. PINN Model Structure

In this section, we propose a customized neural network
inspired by the PDNet-SDNets coupled PFlw model. The
model structure is shown in Fig. 2. The PINN model com-
prises three modules: the physics-inspired module F,, the
linearized error compensation module F., and the voltage
variance capture module F),.

1) Physics-Inspired Module: As explained in Section II,
the relationship between customer loads and voltages can
be transformed into a linear relationship, combined with
two complex implicit terms. The physics-inspired module,
established on the linear feed-forward layers, is the core
component that exhibits linear characteristics. It is important
to note that the voltage terms are squared; hence, the data
used in model training undergoes a similar squaring operation.
This module incorporates three distinct neural layers - 775, ng,
and 7 - designed to simulate the linear part of (6). Apart
from layer n$, where the weight matrix W, is an identity
matrix, the parameters of the three layers make up the physical
parameter set 6, = {W,, Wy, b.}. In particular, W, serves
as the coefficient matrix for the active power matrix and
primarily captures E. On the other hand, W} symbolizes the

IEEE TRANSACTIONS ON SMART GRID

coefficient matrix for the reactive power matrix and is respon-
sible for estimating H. The model considers —m through b..
These coefficient matrices encapsulate the topology pattern
and hold information about the line parameters. As a result,
the parameters of the well-trained physics-inspired module
can encapsulate network information, owing to its “structure-
mimetic” design. The knowledge acquired by the coefficient
matrices can provide the foundation for power network physics
information awareness tasks, further explained in Section IV.

2) Linearized Error Compensation Module: This module
serves the crucial role of mitigating the voltage calculation
errors introduced by the linearized PFlw model, reflecting the
XWec, qc,ve) term in (6). While previous works commonly
neglect losses from power lines and STs, we recognize
the significance of considering these losses to enhance the
model’s performance since the PDNet and SDNet combined
network is considered. As discussed in Section II, voltage
calculation errors are linked to the squared line power and
squared voltage terms, which in turn, are associated with
the quadratic expressions of customers’ net active/reactive
power consumption and the squared voltage. This association
entails a complex relationship that is challenging to compute
explicitly. Hence, our module employs fully connected MLPs
with the tanh(-) activation function. The MLP module enables
us to effectively model the intricate non-linear relationship
between bus injection power and the error compensation for
customer node voltages. Consequently, our model can more
accurately compensate for voltage calculation errors. The
inputs to this module consist of the squared customers’ net
active/reactive power consumption and squared voltage, while
the outputs yield the error compensation for customer node
voltages.

3) Voltage Variance Capture Module: This module serves
to capture the voltage variance of the head bus voltage of
each SDNet, represented as x (pc, ¢, v.) term. This voltage
variance arises from changes in PFlw of the PDNet. The
relationships between influencing factors (e.g., customer loads,
voltage regulators) and voltage variance are complex, making
explicit consideration challenging. To address this complex-
ity, we employ the MLP model to effectively capture the
nonlinear relationships. While our focus in this study is on
fixed topologies, considering the topology modifications is
potentially future work highlighted in Section V. Among
the influential factors, customer loads and voltage regulators,
notably on-load tap changers (OLTCs), are the key contrib-
utors. The actions of OLTCs closely align with the overall
load conditions and the resultant PDNet voltage levels, which,
in turn, depend on the load situations. To effectively capture
this relationship, we utilize separate inputs for customer loads
and total loads, representing the overall load conditions. The
module outputs estimate the voltage variance at the head bus of
each ST.

C. PINN Model Training Framework

To enhance the performance and accelerate the convergence
of the PINN model, this paper employs customized training
processes that account for the unique characteristics of the
problem.
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1) Data Normalization: Data normalization is an important
pre-processing step when training deep neural networks, as it
helps improve model convergence, reduce overfitting issues,
and enhance generalization ability. Thus, we select the linear
transformation method, specifically standardization, to accom-
plish this task [16].

2) Weight Initialization: Based on the designed neural
network structure, two groups of weights need to be initialized
that are 6, = {W,, Wy, b.} for the physics-inspired part and
0p = {W}, 1K et {W"} i} for other compensation parts, where
W represents the kth layer in linearized error compensation
module; the Ith layer in voltage variance capture module is
recorded as W;. According to the explanation in Section II,
the E and H are non-positive symmetric matrices. To obtain
better initial status and keep these properties, the W,, W, are
initialized as identity matrices / with the same size, that is,
Wit Wit — —I, © Kyxn, where K ~U(0, 1). We initialize
the b, using random values yield to 2/(0, 1). To prevent the
gradient from exploding or vanishing, we utilize the widely-
used Xavier method for the initialization of other parameters
0y. Details of the methods can be found in [25].

3) Loss Function and Regularization: The loss function
L(-, -) is a mathematical function that measures the difference
between the predicted output of the neural network and the true
output for a given input. In our problem, mean squared error
(MSE) is used to measure the difference between predictive
and actual voltage.

In addition to the typical error calculation components,
regularization is another common element included in the loss
function. Regularization is considered as penalty terms added
to the loss function to impose soft constraints. In our problem,
we employ the regularization method to encourage the network
to retain physical information while updating to minimize loss.
The designed loss function with regularization terms can be
expressed as:

J©) =Le + Ln + Ro, (7
- (Zﬁ F(pi".q;"; ©), i")), (®)
4 8 Cn Cn
]Tb ZE(FU(Pl 14, ’9) ) ’ (9)
i=1
Ro = MWanl2+ B8] DD W, — 1Wianl
i
+ vIIFeI, (10)
where N, is the batch size; § is the scaling factor; || - ||; and

|l - Il2 denote the Manhattan Norm (MN) and Euclidean Norm
(EN) respectively; A, B and y are the weighting factors for
three regularization terms. The proposed loss function J(®)
incorporates three main components. F denotes the output
of the linearization compensation module. First, Lg signifies
the model prediction error calculated by MSE, forming the
primary component of the loss function. Second, Lg is a
customized term that calculates the difference between the
outputs of the physics-inspired module and actual voltages
employing MSE. This term aims to reduce error compensation

Algorithm 1 PINN Model Training Algorithm

Require: Training set Dy, = {vc, Des qc}, initial learning rate
(LR) «g, decay factor k, momentum ¢, mini-batch size
Ny, number of epochs T

1: Initialize the parameters of network Fy as ® = {9,(7) , 6‘2}
by designed rules; update initial LR as « < «g

2: for epoch =1 to T do

33 fori=1to [N/Np] do

4 Select Nj example pairs from shuffled D;. forming
mini-batch §; = {pb ,qb ,vb }2’ !
5: Compute gradient of the loss function with respect

to network parameters as
VoJ (©;8) ={ Ve, T, Vg, T |
6: Editing gradient of physics-inspired module based on
weight symmetry averaging as
Vo, J < 5 (Ve T + Ve, IT)
7: Update the parameters using SGD update rule:

v—ov+ (0 -0VeT(O;S)
O «—0—av >v <« Vo J(O; Si_1).
8: if [a/e] == 0 then
3 o < ko > decays LR « by k every e epochs
9: end if
10:  end for

11: end for
12: return Fgf

from other modules, thereby enhancing overall accuracy.
Finally, the regularization term Rg is included in the loss
function. The EN of Wy, ) is adopted in Re to make the
weight matrices sparse, reflecting the characteristics of real E
and H. To maintain Wy, ;) as non-positive, we introduce the
subtraction between the element summation of Wy, ;) and MN
as soft constraints. Similar to LZ , we supplement the MN of
F, in the regularization terms to m1n1m1ze error compensation,
as the actual linearized error cannot be large.

4) Gradient Editing: Due to the properties of the E and
H, it is crucial to maintain the symmetry of the weight
matrices Wy, during network training to achieve bet-
ter performance. Considering the symmetrical initialization
weights, one straightforward approach is to enforce weight
symmetry by replacing the gradient of the weight matrix
W 4,py With the average of the gradient and its transpose during
the backpropagation phase. This technique is known as the
weight symmetry averaging. After considering all the steps
outlined previously, we utilize Stochastic Gradient Descent
(SGD), a widely used optimization technique, as the optimizer
for updating the model parameters. The training procedure for
the PINN model is provided in Algorithm 1.

IV. APPLICATIONS OF PINN-BASED VOLTAGE
CALCULATION MODEL

A. Model-Free Locational PV Hosting Capacity Calculation

To ensure the seamless integration of new PV installations, it
is essential to conduct the locational PV HC analysis [5], [26].
This analysis helps to determine the maximum PV capacity
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that can be accommodated within the grid without violating
operational constraints at specific locations or necessitating
grid upgrades. The HC analysis considers various impact crite-
ria, such as system overvoltage, thermal stress, harmonics, etc.
Its primary focus is to uphold good voltage quality, particularly
for typical North American residential circuits [27]. Estimating
PV HC based on voltage constraints requires accurate voltage
estimation in new scenarios, such as reverse PFlw or large volt-
age fluctuations. This underlines the paramount significance of
extrapolation capabilities. Our designed model demonstrates
excellent potential extrapolation capabilities due to the special
structure, making it suitable for calculating voltages in high-
penetration PV scenarios. As a result, we conducted locational
HC analysis to show the potential application of our proposed
model.

B. PDNet-SDNets Physics Information Awareness

The lack of detailed SDNet models impedes effective
decision-making and planning for operators. To tackle this
challenge, earlier research efforts have delved into TC rela-
tionship identification [28], [29]. However, the predominant
reliance on voltage correlation combined with manual param-
eter adjustments hinders existing methods from achieving
consistent and stable performance. Our proposed model, fea-
turing a well-designed physics-inspired module, offers novel
perspectives on solving TC connectivity problems. To demon-
strate the model’s support for physics information awareness,
we developed a method for identifying TC connectivity. This
method leverages the abundant physical information contained
in W, and W,,. The procedure for connectivity identification
is detailed in Algorithm 2.

Initially, the algorithm transforms the W, and W}, into the
minimum connection matrix G, adhering to the threshold 7,
which has been proposed in Algorithm 2 and proof to be
the lower bound of non-zero? elements in W, or Wj. G only
contains partial customer connection information; detailed
below, if the element G is non-zero, customer i and j should
be connected to the same ST, but the opposite is not true
because only the minimum connection number is considered
to generate G. Hence, the algorithm then applies the “transitive
relation” rule to augment G. For instance, if customers i and j,
and customers j and d, are respectively connected to the same
ST, then customers i, j, and d are considered as linked to the
same ST. Based on the modified G, customers connected to
the same ST form a cluster, and all such clusters constitute
a cluster list C. The algorithm subsequently and iteratively
merges the clusters in C, after discarding duplicate items, based
on the correlation between two clusters until the number of
clusters matches the ST counts k. The cluster relationship

RV = p(zs, z1), where z; and z; are two clusters from C, can
be calculated as RV = Y0 S0 (W5 | + |Wi)). A higher
RV value indicates that customers from the two clusters are

likely to be connected to the same transformer, suggesting

2Training errors may result in sparse elements in W, and W, being small
but not exactly zero. We still refer to these elements as “zero elements” for
convenience and the others as “non-zero elements.” This approximation does
not affect the final results.
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Algorithm 2 TC Connectivity Identification
Require: W,, W, Customer Num N, Transformer Num k

2
1: Calculate threshold index 7 <« L%J
2: Update W,, W, as:

Wfl’j > W,[f] ~1; Wfl’j < WE,T] <~ 0;
W' > Wil — 1w < Wi < o;
Gl’] < [[(Wa + Wb)i,j > O]]l,] = 1, 2, ceey NL,
W'l denotes the t largest element of W.
: for i=1to N, do
4:  Create initial set R = {j|G;j == 1,j € 1, ..., N.}
CS <~ R, FS <R
5. For every item m from R, conduct update below until
|FS| equals to |CS|:
FS < FSU {jIGpj == 1}
CS < FS

[95]

6 Add FS to the cluster list C, and remove duplicates

7: end for

8: while |C| > k do

9 Calculate RV = p(z5, z1), s, t € {1, ..., |C|}

Find minimum value RV, ., then merge zy, z; two sets
and update C

11:  Recalculate RV = p(zs,21), s, t € {1, ..., |C| — 1}

: end while

13: return C

they should be merged. The final TC results are recorded in
C. Utilizing this straightforward method, we can extract TC
information from the well-trained PINN model.

Proposition 1. The lower bound for the number of non-
zero elements in matrix W, or W, is greater than 7, where

T = LNT‘Z'J; k and N, denote ST number and total customer
number, respectively.

Proof: When customer i and j share the same ST, the
element W' and W;” will be non-zero. We define x € Z* as
the number of customers connected to each ST. The problem of
finding the minimum number of non-zero elements in matrices
can be formulated as miny = x”x, subject to the constraint
Zf:l x; = N,. To solve the problem, we relax x to X € R* and
obtain the objective function as y, yielding min y < min y.
Notably, the relaxed problem achieves its optimal solution
when each ST has an equal number of customgrs. The optimal
value of objective function ¥* in this case is % To satisfy the
integer requirement, we can round this value down to I_NTEJ,
which preserves the relationship that |y*| < y* < y*, where y*
denotes the optimal value of original problem. The proposition
is thus proven.

V. CASE STUDIES
A. Test Circuits and SM Datasets

Three distribution feeder models are used for conducting the
designed case studies, comprising two public testing circuits,
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namely, “EPRI12Bus” (small) and “EPRICk5” (complex) cir-
cuits, along with one real utility feeder. Each model integrates
STs and SDNets. The small circuit serves 46 customers
spread over 12 unique low-voltage SDNets, each boasting
distinct topologies and conductor lengths [18]. The complex
circuit is modeled after EPRI Ckt5 and includes 591 STs
connected with 1379 customers [30]. The real feeder circuit,
marked as “Real40Bus”, originates from a distribution network
in the Midwest U.S., powered by a 69 kV substation. In
contrast to the small test circuit, the real utility feeder model
features an extended three-phase feeder line with 40 STs
connected with 52 customers. Moreover, each customer across
the three test circuits was allocated a unique load profile
with real and reactive power derived from actual utility smart
meter data, with a data resolution of 30 minutes over two
years. Utilizing authentic smart meter data, voltage values
are produced through OpenDSS based on the corresponding
distribution systems.

B. Voltage Calculation

1) Simulation Scenario Generation: We tested our
proposed model through five scenarios, denoted as S1 to S5
in Table I. The PV load data are sourced from over 300 solar
inverters with 4-10 kW capacities in the Middle U.S. The
EV data, culled from various real datasets, had charging
capacities of 3-10 kW. During scenario generation, annual PV
curves and EV charging profiles are randomly sampled from
these datasets and added to customer load curves. In S1, we
fully trained and tested the model on historical data without
additional PV or EV loads, assessing its performance under
normal conditions. S2 introduced PV for 25% of customers
in both training and testing data. This scenario tested the
model’s performance under increased voltage variations
caused by fluctuating PV generation. In S3, S4, and S5, the
datasets included various PV and EV penetration levels, while
the training data remained historical data as in S1. These
experiments evaluated the model’s extrapolation capability
under “unseen” scenarios. Given that our model incorporates
SM data as inputs, the analysis of the effects of measurement
noise and synchronization discrepancies is conducted to ensure
model robustness. The deviations in SM data comprise two
primary components. The first component, measurement noise,
has been extensively investigated. Research indicates that
it generally adheres to a Gaussian distribution with a zero
mean and a specific standard deviation [31]. The second
component stems from the asynchronous nature of smart
meters, which also exhibits a normal distribution as suggested
in [31]. Consequently, we can model the overall error as
a composite of two normally distributed variables, which
inherently results in a normal distribution. Aligning with prior
studies [31], [32], and [33], we adopted a deviation level of
5, signifying that measurements are within +5% of the actual
values. To simulate a more realistic dataset, Gaussian noise
masks were applied to the loading data. The deviation ¢ of the
setting is given by o = dI*|z™|/3, where dl is the deviation
level; z™ represents the loading data measured from the SMs.
Therefore, we configured the dl to 5% with a mean of O for

TABLE I
SIMULATION SCENARIO GENERATION SETTING

Scenario Training Testing PV Penetration(%)
EPRI12Bus/Real40Bus/EPRICkS
S1 basic basic 0%/ 0%/ 0%
S2 25%PV 25%PV 39%! 56%/ 57%
S3 basic 25%PV 39%! 56%/ 57%
S4 basic 50%PV 114%/ 108%/ 93%
S5 basic 50%PV + 20%EV 114%/ 108%/ 93%

loading data, and to 1% with a mean of O for voltage data.
This setup ensures that our proposed model undergoes testing
with data that closely mimics real-world conditions.

2) Results Analysis: The voltage calculation tasks on the
five scenarios are carried out by three models, including PINN,
linear NN (LNN), and Deep neural network (DNN). The
LNN model is the PINN model without the two compensation
modules. DNN refers to the fully connected neural network.
All the models are built on one-year SM data, among which
80% data for training and 20% data for validating, and
then tested on one-year long data. The error of the voltage
calculation results are shown in Fig. 3 and Fig. 4.

The bar chart in Fig. 3, illustrating the mean absolute error
(MAE) values over all time points and customers, shows the
PINN models exhibit lower MAE values than the DNN model
across all scenarios. As PV and EV penetration levels increase,
the MAE differences between the DNN and other models
become more prominent. In scenarios S1 and S2, where no
unseen cases are present in the test set, the DNN model shows
excellent results, with accuracy roughly consistent with the
PINN and even better than LNN in large systems. However,
when data from new scenarios, e.g., high DER integration,
are included in the testing set, the error of the DNN model
significantly increases, reaching higher levels. In contrast, the
PINN and LNN models continue to perform well, showcasing
their strong extrapolation ability. Overall, the PINN and LNN
models perform well across most scenarios. When the testing
model is small (e.g., EPRI12Bus and Real40Bus), the accuracy
of the two models is similar. However, in the EPRICkS model,
where the PFlw relationships of PDNet become more complex
due to a larger number of buses, the LNN model struggles
to capture these complexities, resulting in increased MAE
errors. Conversely, including compensation modules in the
PINN model enhances its performance, particularly in complex
scenarios where PFlw relationships are intricate. We can also
see from Fig. 5 that the differences between PINN and LNN
usually occurred on the tip points where voltage regulators
could act. The blue error line above each bar in Fig. 3 repre-
sents the MAE values obtained when the models are trained
and tested with the noisy data. Notably, the proposed model
maintains robust performance, even when accounting for
potential variations stemming from measurement inaccuracies
and synchronization discrepancies commonly present in real-
world SM measurements. The boxplots in Fig. 4 further clarify
these findings by illustrating the error distributions during
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Fig. 5. Voltage estimation results for three customers from all circuits in S5.

the 6 am. to 6 p.m. daytime period, where PV generations
have the largest impacts. These visualizations underline that,
compared to the DNN model, the errors of PINN results are
more concentrated, and such differences are notably prominent
in the EPRI12Bus and Real40Bus because of the higher PV
penetration level of these two models in the scenarios S4
and S5.

Fig. 6 shows the training results for W, and W, across
all test circuits. Physical connections between customers are
evident from the significant values (darker colors) in the plots,
indicating links between customers. Customers connected to
the same transformer exhibit pronounced voltage correlation,
forming darker sub-squares in the plots. Notably, the structured
connectivity in these plots is influenced by the customer order
in the input data, which is inaccessible in real scenarios,
resulting in more randomized matrices. Additionally, weak
correlations between some customers and potential training
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errors may hinder extracting physical information. Hence, this
paper proposes a TC identification algorithm to address these
issues, with detailed testing results presented later.

3) Assessing the Impacts of Training Dataset Durations: In
practical applications of the PINN model, the available training
data volume may not be as extensive as in simulation scenar-
ios. For instance, the addition of new customers to the system
will result in limited smart meter data. Additionally, the smart
meter data missing will also lead to the training dataset shrink.
Consequently, understanding the minimal training dataset size
required to maintain model efficacy is crucial under these
circumstances. To explore this, several simulations are carried
out, training the PINN model with datasets spanning one year,
six months, three months, one month, and one week. We
assessed the models’ effectiveness using simulated data from
“S5”. Fig. 7 illustrates the average MAE in voltage estimations
for models trained across these durations.
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Fig. 7. Average MAE of voltage estimations across PINN models trained
with datasets of varying time spans.

Fig. 7 clearly illustrates that the MAE of the models
escalates as the duration of the training datasets dimin-
ishes, transitioning from a year to a week. Specifically, the
ERPI12Bus and Real40Bus models exhibit a marginal rise in
MAE when the dataset length is curtailed from one year to
three months. Although training with one month’s data leads to
a notable error increase, they are still albeit within acceptable
limits. However, the scenario changes drastically under the
training of the one-week dataset, where the MAE surges signif-
icantly, indicating the model’s diminished capacity to discern
the underlying PFlw relationships. The scale of the challenge is
more pronounced in the PINN model applied to the EPRICKkS,
due to its more extensive scale (requiring the training of
more parameters). A pronounced jump in MAE is observed
when the dataset is limited to one month, suggesting that
larger distribution systems necessitate more extensive datasets.

11

It’s important to note that these observations are based on
30-minute interval smart meter data. Increasing the granularity
of the data to 15-minute intervals could potentially reduce the
minimum dataset size required for effective model training.
Preliminary findings suggest that for smaller systems, a dataset
spanning two weeks may suffice, while larger systems, akin
to the EPRICKS, may necessitate a dataset ranging from two
weeks to a month.

4) Analysis of Model Retraining Timings: When integrat-
ing the proposed model into actual utility systems, maintaining
its updated state is crucial for precise voltage estimation.
Consequently, model retraining becomes indispensable. This
section delineates three triggers for initiating model retraining:
error-oriented, event-oriented, and manual intervention. For
the error-oriented trigger mechanism, the system operators
establish specific error thresholds that are thoughtfully tailored
to the unique demands of each distribution system. This
customization is crucial to ensure that the model’s sensitivity
to errors is appropriately calibrated for each system’s diverse
conditions. When new smart meter data is fed into the
model for validation, the model is flagged for retraining if
the voltage calculation errors surpass these predetermined
thresholds. From the moment these errors are detected, the
newly collected smart meter data are gathered and employed
as training data for the PINN. In the event-oriented approach,
training can be proactively initiated even when the voltage
estimation errors by the PINN remain within acceptable limits.
This approach is triggered by specific events, which may not
necessarily cause immediate errors but also need an update
in the model. Key factors that activate this event-oriented
trigger include the scheduled changes within the network or
the onset of unique operational scenarios. For instance, the
peak load scenarios caused by extreme weather conditions
(e.g., extremely high/low temperatures) are typically under-
represented in historical datasets. Including data from these
unique scenarios enhances model accuracy, as a more diverse
training set improves the model’s performance in different
conditions. Additionally, the proposed model can incorporate
the manual setting option for retraining, an essential feature to
maintain its relevance and accuracy over time. This approach
involves periodically (e.g., weekly, monthly) reviewing and
updating the model, regardless of whether it has reached a
specific error threshold or encountered a notable event. While
this approach may entail a higher computational burden, it
is crucial for keeping the model current. Moreover, once the
system reaches the error- or event-oriented trigger, the model
will be updated again, following the respective retraining
protocols.

5) Discussion: Relying on the derived coupled PFlw
model, the PINN aims to imbue each module with physical
significance. The linear neural network portion replicates the
linear component of (5) via parameter estimation, exemplify-
ing an accurate modeling approach that strictly adheres to the
physics rules of the system. This approach allows for precise
estimation across various scenarios, regardless of whether the
data exists in the historical dataset. The non-linear elements,
on the other hand, are indirectly captured by the MLPs,
leveraging their exceptional non-linear mapping capabilities.
However, several potential issues warrant discussion. Firstly,
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cross-compensation of errors may exist among the three
modules during training. Given the lack of model information
and the absence of measurements from PDNet, SMs are
the only viable data source. Through carefully designed
regularization terms, we strive to prevent such compensation.
While complete eradication may not be possible, our results
demonstrate the effectiveness of the voltage variance capturing
module, evidenced by comparing PINN and LNN results.
Another challenge relates to topology modifications. Changes
in the PDNet topology can impact the whole PFlw, thereby
compromising calculation accuracy. Current strategies involve
retraining the entire model using new data to tackle this
problem. However, the proposed PINN model takes a more
efficient approach. It retains unchanging parameters such as
W, and W), and fine-tunes the remaining model components,
thus reducing the need for extensive training data and com-
putational capacity. This strategy can be regarded as genuine
transfer learning, a machine learning technique where the
model developed for a specific task is adapted for a second
related task. Additionally, if certain system information is
partially available, we can employ a masking mechanism to
reduce the number of training parameters, thereby accelerating
and enhancing model convergence. Future work will focus on
exploring the integration of known system information and
addressing topology modification.

In the real-world deployment of models within utility
systems, navigating the issue of smart meter data missing
is crucial. There are three predominant scenarios of missing
the model could face. Firstly, when individual customers
experience a short range of data missing, we could address
the problem by removing the load data for all customers
during those specific intervals, leveraging the fact that our
model’s input doesn’t necessitate continuous data, thereby
ensuring minor omissions would not significantly affect the
model’s accuracy. Secondly, a more challenging scenario arises
when a significant portion of data is missing across many
customers, leading to a limited dataset for training. Regarding
this issue, our previous analysis shows that the model can still
yield acceptable results with around one month of complete
historical data, indicating a certain resilience to this data
missing problem. The third scenario involves extensive data
gaps concentrated among a few customers. In such cases,
using advanced training methods like transfer learning on an
existing, outdated model can help minimize the requirement
for large volumes of training data and lessen the impact of
these data gaps. These strategies, aimed at mitigating the
effects of missing data, are pivotal areas of focus in our
upcoming research, offering potential solutions to enhance
model reliability in real-world applications.

C. Locational Hosting Capacity Estimation

To exhibit how the designed model performs in the calcu-
lation of locational HC, the Real40Bus model is selected to
complete the test. Instead of analyzing just a handful of worst-
case scenarios and obtaining one PV HC value, the proposed
voltage calculation model calculates the maximum accessible
PV power at every time point for each customer location.
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Fig. 8. Average MAE and MAPE of maximum accessible PV power for all
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In this context, the locational HC can be regarded as the
minimum value of the maximum accessible PV power across
all time points. However, our discussion here is confined to
the maximum accessible PV power. To generally exhibit the
performance of our model, the MAE and the mean absolute
percentage error (MAPE) of the estimation results over all
the time points are discussed. The model-based algorithm
that uses quasi-static time series simulations is adopted to
be the benchmark to calculate the maximum accessible PV
power, with more details provided in [5]. The estimation error
obtained from the designed model is shown in Fig. 8. Each bar
exhibits the average MAE of maximum accessible PV power
for one customer over one-year time points, and the green
curve presents the MAPE of corresponding estimation results.
It can be seen that the average MAE error for each customer
remains in a small range, with the maximum error below 3.5
kW. The average error over all the customers is just 0.87kW,
and the MAPE averages below 2.5%. Compared to previous
locational HC work, the performance of the proposed model
is competitive [30].

D. Power Network Physics Information Awareness

Previous research primarily focuses on TC identification
based on voltage correlation among customers [29], consider-
ing only voltage information. On the contrary, our proposed
method leverages the knowledge learned by the physics-
inspired module that is well-trained using D, and integrates
both load and voltage data as input. By incorporating addi-
tional information, our method offers a higher capability for
TC identification. We tested the designed algorithm on three
distribution models, and the results are presented in Table II,
where the accuracy metric equals the ratio of the accurately
identified ST number to the total ST number. As shown,
our method achieves excellent results with 100% accuracy,
whether in the designed system with diverse secondary topolo-
gies (i.e., EPRI 12 bus) or in a real utility model. This indicates
its effectiveness in handling complex SDNet patterns and
real-world conditions. Furthermore, the favorable test results
in large distribution networks (i.e., EPRI Ck5) validate the
scalability of our approach.

VI. CONCLUSION

This paper introduced an electric model-free voltage calcu-
lation methodology designed to accommodate the operational
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TABLE 11
TC CONNECTIVITY IDENTIFICATION RESULTS

Model EPRI 12 Bus  Real 40 Bus  EPRI CkS
Transformer Number 12 40 591
Customer Number 46 50 1379
Correctly Identified 12 40 575
Accuracy Rate 100% 100% 97.3%

and planning needs of distribution networks without the neces-
sity for accurate electrical models. Leveraging the structure
inspired by the PDNet-SDNets coupled PFlw, the PINN model
displays potential for extrapolation and exhibits the ability to
capture the physical characteristics of the electrical network.
Supported by a customized training framework, the model
ensures convergence and robust performance. Evaluations
using two public testing systems and a real utility feeder model
affirmed the effectiveness of the model in voltage calculation.
The testing results also corroborated the proposed model’s
extrapolation and physical awareness capabilities in locational
HC and TC identification applications. Future work will
explore integrating known system information and assess the
model’s adaptability to topology modification. Additionally,
efforts will be directed toward enhancing the model to support
both three-phase and two-phase loads, thereby bolstering the
applicability and accuracy of the PINN.
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