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1 Abstract—Extreme weather events have led to long-duration
> outages in the distribution system (DS), necessitating novel
s approaches to blackstart and restore the system. Existing
4 blackstart solutions utilize blackstart units to establish multiple
s microgrids (MGs), sequentially energize non-blackstart units, and
e restore loads. However, these approaches often result in isolated
7 MGs. In DERs-aided blackstart, the continuous operation of
s these MGs is limited by the finite energy capacity of commonly
o used blackstart units like battery energy storage (BES)-based
o grid-forming inverters (GFMIs). To address this issue, this article
11 proposes a holistic blackstart and restoration framework that
2 incorporates synchronization between dynamic MGs and the
s entire DS with the transmission grid (TG). To support syn-
4 chronization, we leveraged virtual synchronous generator-based
s control for GFMIs to estimate their frequency response to load
s pick-up events using only initial/final quasi-steady-state points.
7 Subsequently, a synchronization switching condition is developed
s to model synchronizing switches, aligning them seamlessly with
o a linearized branch flow problem. Finally, we designed a bottom-
20 up blackstart and restoration framework that considers the
1 switching structure of the DS, energizing/synchronizing switches,
22 DERs with grid-following inverters, and BES-based GFMlIs
23 with frequency security constraints. The proposed framework is
4 validated in IEEE-123-bus system, considering cases with two
25 and four GFMIs under various TG recovery instants.

26  Index Terms—Blackstart, cold load pick up, DigSILENT,
27 microgrids, frequency security, restoration, resilience, synchro-
28 nization, grid-forming inverters.
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29 NOMENCLATURE

a0 Abbreviations

s CLPU Cold load pick up

2 DS Distribution system

s GFMI, GFLI Grid-forming/grid-following inverter
s QSS Quasi-steady-state

Received 23 June 2024; revised 8 December 2024; accepted 25 January
AQ3 2025. This work was supported in part by the National Renewable Energy
Laboratory, operated by Alliance for Sustainable Energy, LLC, for the U.S.
Department of Energy (DoE) under Contract DE-AC36-08G028308; in part
by the National Science Foundation through ECCS under Grant 2042314; in
part by the Power System Engineering and Research Center (PSERC) under
Grant S-110; and in part by the U.S. Department of Energy Solar Energy
Technologies Office under Agreement 40385. Paper no. TSG-01101-2024.
(Corresponding author: Zhaoyu Wang.)
Salish Maharjan, Cong Bai, Han Wang, and Zhaoyu Wang are with the
Department of Electrical and Computer Engineering, Iowa State University,
Ames, IA 50011 USA (e-mail: wzy@iastate.edu).
Yiyun Yao and Fei Ding are with the National Renewable Energy
AQ4 Laboratory, Golden, CO 80401 USA.
AQ5 Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TSG.2025.3536847.
Digital Object Identifier 10.1109/TSG.2025.3536847

TGMG Transmission grid/Microgrid

Parameters
oLy ...,y Cold load pick up coefficients
PPL Forecasted diversified load
PPV Predicted PV generation
At Time step
y Exponential constant term defined for
GFMI
[PPV7 Rated generation capacity of PV
Lfred |, [frad] Upper/lower limit of frequency nadir
Lf5 ], [f 5] Upper/lower limit of frequency at QSS
[RoCoF ],[RoCoF Upper/lower limit of RoCoF
op Power angle of the load
C Battery capacity of BES-based GFMI
D Damping constant of GFMI
f* Nominal frequency reference
H Inertia constant of GFMI
K’ Frequency droop of GFMI
M, e Big and small number
Srat Rating of GFMI
Sgrat Capacity of sub station
to Start time of blackstart
Vv Nodal voltage reference

Indices and Sets

B
B(m)
Ber
Bnr
Bpy
Brg
L

L(m)
LESW

£WSW

M

R

T
W(m)
P
N()

Variables

Pj:q;

Set of all buses

Set of buses contained by bus block m
Set of buses with non-switchable loads
Set of buses with switchable loads

Set of buses with PV

Set of buses where TG is interconnected
Set of segments(e.g., lines and switches)
Set of segments contained by bus block m
Set of energizing switches

Set of synchronizing/smart switches

Set of bus blocks

Set of buses with GFMI

Set of time step in the optimization problem
Set of switches surrounding bus block m
Set of phases

Set of child buses of a bus j

Vector of active/reactive power injection at bus j
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v;D”j Sub-matrix of v; with elements corresponding to
phase ®;;

Afiy Perturbation in nominal frequency of GFMI

Avee Incremental change in (V*)? due to voltage droop

it Binary variable defining synchronizing period

R;,X; Balanced equivalent R/X matrices of unbalanced
system

f Frequency at QSS

frad Frequency nadir

PP Active load demand

pEs output active power of BES-based GFMI

PPV Actual PV generation

PTG, QTG Active/reactive power from a TG

P, Q;i  Active/reactive power across a segment (i, j)

oP Reactive load demand

g5 output reactive power from BES-based GFMI

orv Reactive power output of PV inverter

R Number of root buses

RoCoF  Rate-of-change-of-frequency
SoC State-of-charge of BES-based GFMI
v Square of nodal voltage magnitude
yB Activation status of bus
yE Binary variable defining status of a line or a
switch
BB Binary variable defining the status of bus block
yP Binary variable defining the status of load
Yb,t Binary variable defining the status of TG
o Binary variable defining the synchronizing instant

I. INTRODUCTION

RANSMISSION grids (TG) can be vulnerable to extreme

weather events, which can result in blackouts in the
downstream Distribution System (DS). Traditionally, distri-
bution operators have relied on diesel generators (DGs) to
blackstart and restore power during prolonged outages, ensur-
ing a continuous power supply by maintaining a steady fuel
source [1], [2]. With the anticipated widespread adoption of
renewable energy sources in the DS, there is considerable
interest in utilizing distributed energy resources (DERs) such
as battery energy storage (BES) and renewables for black-
starting operations. Successfully implementing this technology
would significantly reduce DS operators’ reliance on DGs,
which are known for their high operating costs.

DS utilities subscribe to weather forecasting agencies to
predict extreme weather events, which aids in pre-event
preparation where blackstart and load restoration plans are
essential [3]. Blackstart planning with multiple BES inverters
poses several challenges: (a) BES-based grid-forming inverters
(GFMIs) must operate within frequency security constraints,
(b) their finite energy capacity must be optimally utilized to
establish cranking paths for activating renewable-based grid-
following inverters (GFLIs) while supplying non-switchable
loads, (c) optimizing synchronizing decisions to aggregate the
energy and power capacity of BES-based GFMIs for rapid
load restoration, and (d) ensuring synchronization with the TG
upon availability to maintain continuous operation.
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Fig. 1. Example DS illustrating bus-blocks, switches, and blackstart units.

Broadly, blackstart and load restoration strategies in the
DS can be categorized into two main approaches, studied
through: (a) determining the final configuration [4], [5], [6],
and (b) sequencing configurations [7], [8], [9], [10], [11],
[12], [13], [14], [15], [16]. The former works focus on
establishing the final network topology without detailing the
step-by-step evolution needed to achieve this configuration,
which can complicate implementation. In contrast, the latter
approach is more practical as it provides a sequence of
feasible configurations to guide operators during the blackstart
process. Furthermore, the latter works can be sub-classified
into studies that either neglect [7], [8], [9], [10], [11], [12] or
incorporate [13], [14], [15], [16] frequency constraints in their
restoration models.

The authors in [7], [8] presented a detailed restora-
tion model considering the distribution system’s bus-block
structures and connecting switches (as shown in Fig. 1).
Furthermore, the authors in [9] enhanced the restoration
model of DS accounting the flexibility of behind-the-meters
DERs. Another enhancement of restoration model is presented
in [10] by considering capabilities and operational limits
of different switching devices of DS. In [11], the authors
propose variable time step mixed-integer linear programming
models to incorporate switches operating in multiple timescale
while blackstarting DS. However, the models in [7], [8], [9],
[10], [11] are designed for blackstart generators with a very
large energy capacity (e.g., diesel or thermal generators) and
loads without cold load pick-up (CLPU) effect. Considering
blackstart units with finite energy capacity such as BES-based
GFMIs will potentially lead to different solutions and chal-
lenges, which were not sudied in these above literature. The
study in [12] incorporates GFMI/GFLI models in DS restora-
tion and provides the percentage of load pick up schedules in
each buses; however, this approach is not practical as most DS
loads are not dispatchable. Moreover, all these works neglect
frequency security constraints, which are crucial for ensuring
the stability of MGs during blackstart operations.

A sequential restoration of loads in the DS, forming multiple
dynamic MGs! (MGs) without exceeding maximum frequency
nadir limits in each restoration sequence, is studied in [13].
This is one of the pioneering works where the frequency nadir
limit is estimated without the need to simulate the dynamic
model of the DS with blackstart generators. However, an

'Unlike traditional MGs, which have a fixed configuration, dynamic
MG can reconfigure themselves to optimize performance and enhance
resilience [17].
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Fig. 2. Problem significance and overview of the proposed solution.

175 oversight of the work is that the microgrid also needs to suitable for optimization problems and eliminating the need for
176 satisfy the Rate-of-change-of-frequency(ROCOF) and quasi- dynamic simulation assistance. Additionally, we model GFMI
177 steady-state (QSS) frequency limits not only the frequency frequency adjustment to facilitate synchronization. Secondly,
78 nadir for secure operation [18]. A restoration model incor- we model synchronizing switches, establishing conditions for
porating blackstart GFMIs and non-blackstart GFLIs with their operation that align with the branch flow model of the
frequency dynamic constraints is developed in [14]. This DS. A dynamic radiality constraint is designed to support
model requires assistance from dynamic simulations to verify  synchronization by allowing GFMIs to change the status of
whether the frequency nadir exceeds secure limits when their root nodes to non-root nodes. Finally, all these models,
picking up loads. Although accurate, relying on simulations along with GFLI dynamics, CLPU considerations, energizing
can be computationally expensive for large-scale restoration switches, and the switching structure of the DS, are integrated
1s planning problems. The authors in [16] establish GFMI and with the linearized power flow model to develop a mixed-
188 GFLI models with a p-f droop-based relationship to estimate integer quadratic constrained problem for optimizing blackstart
QSS frequency when restoring loads. However, frequency and load restoration. We validated the proposed framework
security constraints related to ROCOF and frequency nadir using an unbalanced IEEE-123-bus system, considering cases
are ignored. All the above works neglect the synchroniza- with two and four GFMIs under various scenarios of TG
tion between islands and with the transmission grid (TG), recovery instants.
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191 resulting in multiple islanded MGs forming at the end of To this end, the technical contributions of this work can be
12 the restoration process. However, the continuous operation of summarized as:

13 these MGs beyond the restoration period cannot be guaranteed e« Model a DERs-aided bottom-up blackstart framework
14 if the blackstart units are battery energy storage (BES)- that incorporates the frequency response of VSG-
15 based and the non-blackstart units are renewable-based. To based GFMIs. Validate the GFMI’s estimated frequency
196 address this issue, synchronization must be an integral part response to load pick-up events by using a dynamic model
1e7 of the restoration process, a consideration currently missing of the DS and GFMIs.

1 in the literature. Additionally, synchronization among islands o Model synchronizing switches (SSWs) with conditions
109 facilitates resource sharing and enables a faster connection that align with the branch flow-based restoration model.
200 with the TG. The significance of synchronization for a resilient Optimize both the energizing and synchronizing switches
201 distribution system (DS) is advocated in [15], where the syn- efficiently in the blackstart and restoration process.

202 chronization is conducted simply at the end of the restoration « Develop dynamic radiality constraints to support synchro-
203 process. However, their work did not address synchroniz- nization and allow dynamic MGs to expand and integrate
204 ing constraints and decisions within the blackstart problem their boundaries during blackstart process.

205 itself. The remainder of the paper is organized as follows:
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219

Hence, this paper proposes a holistic bottom-up blackstart Section II provides an overview of the problem and the
and load restoration planning framework leveraging BES- proposed solution. Sections III and IV present detailed models
based GFMIs and renewable GFLIs. The proposed framework of DS components and describe the bottom-up blackstart and
initiates blackstart with multiple GFMIs, sequentially expands load restoration framework, with a focus on GFMI frequency
the boundaries of islanded MGs (referred to as dynamic MGs) dynamics and synchronization constraints. Section V discusses
while establishing cranking paths to GFLIs, synchronizes the simulation results of the proposed framework, consid-
MGs to form larger islands, and finally synchronizes with ering multiple GFMIs. Finally, Section VI concludes the
the TG to complete the restoration process. To incorporate paper.
synchronizing decisions in the problem, we first integrate
virtual synchronous generator (VSG) control features into

the GFMI. By leveraging VSG parameters (such as inertia II. OVERVIEW OF THE PROBLEM AND THE
constant and p-f droop), we establish and validate the GFMI’s PROPOSED SOLUTION
frequency response to cold load pick up (CLPU) in terms  Utilities routinely monitor weather forecasts to anticipate

of quasi-steady-state frequency, ROCOF, and frequency nadir.  extreme weather events and enhance disaster preparedness. For
220 This approach requires only the system’s initial and final instance, U.S. utilities typically implement storm preparation
221 QSS points for frequency response estimation, making it plans [19]. When a day-ahead forecast predicts severe weather,
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Fig. 3. (a) Control diagram and (b) dynamic frequency response of a VSG.

267 an emergency response is triggered, prompting utilities to
263 plan for blackstart and load restoration. These plans pro-
260 vide a preliminary roadmap for post-event recovery efforts.
o Traditionally, blackstart strategies have relied on straight-
271 forward measures, such as maintaining diesel reserves and
» utilizing utility-owned diesel plants to restore loads. However,
273 these conventional methods often involve intentional tempo-
274 rary blackouts during reconnection with the TG, adversely
s affecting system reliability and resilience.

276 The integration of DERs, intelligent electronic devices like
277 synchronizing or smart switches, and advanced communica-
278 tion and sensor networks in DS has opened new avenues for
279 optimizing blackstart procedures. These advancements can sig-
250 nificantly improve reliability and resilience. However, effective
1 blackstart planning with DERs requires addressing challenges
262 such as their variability, limited energy storage, inverter control
s technologies (e.g., GFM and GFL), and frequency security
284 constraints. Synchronization strategies are also critical for
285 seamless reconnection with the TG. To tackle these challenges,
286 we propose a dynamic MG-based blackstart planning frame-
207 work, as illustrated in Fig. 2. Key inputs include forecasts
208 for DER generation, TG recovery time, and load demands.
280 The framework outputs a sequence of feasible configuration
200 of dynamic MGs due to switching actions, encompassing both
1 energizing and synchronizing steps, guiding the system from
202 blackstart initiation to the complete restoration of loads.
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203 III. MODELING DISTRIBUTION SYSTEM AND ITS
204 COMPONENTS CONSIDERING SYNCHRONIZATION

205 In this section, we model DS components—such as GFMI,
206 GFLI, and loads—considering their roles in synchronizing
207 GFMIs when interconnecting two MGs or connecting to the
208 TG. Additionally, we describe the switching structure of the
200 DS, which involves two types of switches: energizing and
a0 synchronizing. We also outline the relationships between the
so1 active and inactive states of bus blocks, lines, buses, and
a2 switches. Finally, we present a linear power flow model of DS
303 considering the switching structure.

s« A. Modeling BES-Based Grid-Forming Inverter (GFMI)

as  We consider all GFMIs to be 3-¢ Virtual Synchronous
s Generator (VSG) designed with inertia constant (H) and
a7 damping constant (D) to emulate the synchronous generator’s
as characteristics. A VSG operates with a voltage-frequency
as (V — f) control mode with a suitable frequency and voltage

IEEE TRANSACTIONS ON SMART GRID

droops for active and reactive power sharing between other
VSGs [20].

At normal operating conditions, GFMI regulates its terminal
voltage and frequency close to nominal values, allowing them
to change with respect to voltage and frequency droop gains
(K¥ and K7), as shown in Fig. 3a. To comply with the branch-
flow model of the distribution system, we will refer to the
square of voltage magnitude (v = |V|?) as the control variable
for GFMIs. Hence, the voltage and frequency at QSS are
defined for all GFMI buses in R as:

vime = (V) + AVS VieR,ne®, (1)
ES
fir =f*<1 _ Zne@pz,n,t ) VieR. 2
s (i + K]

Here, @ is a set of phases in bus i. V* and Av’‘ are a
nominal voltage reference and incremental voltage appearing
due to the voltage droop. The derivation of (1) is discussed
in Appendix A. Furthermore, (2) is defined in [21], where f*
is the nominal frequency set-point, p£5 is the output active
power, and $™ is the rated capacity of the inverter. GFMI
has operational constraints over voltage, frequency, and power
output, and are defined as:

(0.95V*)* < v, < (1.05V*)°, VieR,ned ()

) <fir <[f*1, VieR 4@
2 2
ES ES 1 2 ]
rr?eag{(pi,n,t> + (qi,n,t) } < (gS{at) YieR (5)

Here, [f?**] and [f?%**] are upper and lower boundaries
of the frequency at quasi-steady-state. The thermal limit of
GEMI (5) has been adopted from [22], where g5 refers to
reactive power at each phase.Constraint (5) signifies that once
any phase of a GFMI reaches its thermal limit (i.e., lS;‘”),
the remaining two phases cannot be further loaded. BES-based
GFMI will have an additional constraint on the state of charge
(S0oC), which is expressed as:

1
SoCit = S0Cir1+ — Z{Apfﬁ,}Al» VieR (6)
Ci ”
ned
where, A pfi,, = Pfﬁ,; - pfﬁ,t—l

Note that charging and discharging efficiencies are neglected
in (6) as the main focus during blackstart is to restore the
loads more efficiently than considering the battery losses. C;
and At are battery capacity and a time-step, respectively.

1) Constraining Dynamic Frequency Responses to Comply
With Security Limits: When a GMFI picks up loads, the
frequency initially declines abruptly during the first few
seconds. After this initial drop, the frequency is regulated
by droop control to bring it back within the QSS limits.
This dynamic frequency response between the initial and
final QSS points is shown in Fig. 3b. GFMI is required to
comply its dynamic frequency response in terms of RoCoF
and frequency-nadir (f"%?) for secure operation defined by
NERC [18]. We leverage the work in [21] to estimate RoCoF
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andf™? of VSG based on initial and final QSS operating points
as:

ES
Zn€<1> APt n,t
287 H;

fnad [ i —

RoCoF;; = 7

ES
f* Zne(b APi,n,t

1+

Detailed calculation of y for VSGs is discussed in
Appendix B. Note that RoCoF and f"* for each VSG depend
on its active power output either when operating autonomously
or in parallel. Finally, we impose a security constraint on the
dynamic frequency responses as:

Vie R, 9

(10)

|[RoCoF ] < RoCoF;; < [RoCoF]
IfnadJ Sf;{l[dd < |-fnad-| VieR.

Note that equations (2), (7), and (8) represent dynamic
frequency responses derived for synchronous generators
in [21]. We have verified that they also apply for VSG-based
GFMI through dynamic simulations in DigSilent Power
Factory in Section V-A. A blackstart problem accounting for
these dynamic frequency responses of GFMlIs, without the
assistance from computational expensive dynamic simulation,
are our contribution of this paper.

B. Modeling Synchronization of GFMIs

GFMI needs to adapt its frequency set-points to allow
synchronization with other GEMIs or the TG [23]. This is
achieved by allowing perturbation in frequency (Af™) of
GFMI while performing synchronization. Hence, (2) is defined
with synchronizing decisions as:

ES
> ned Ping

; ) + 8 AL (11)
S;“f(Di +K,.>

fu=1(1-

Here, § is a binary variable that is set to 1 only during the
synchronizing period. Equation (11) allows frequency pertur-
bation in a GFMI attempting to synchronize, while keeping the
frequencies of other GFMIs intact. This is like master-slave
synchronization approach which can be more restrictive [24].
Hence, we implement co-operative synchronization approach,
where all GEMIs decide the suitable synchronizing frequency,

as:
ES
ZfL”lﬂ;) + (Z 5,“) Afip (12)
Sim (Di + Ki) beR

The § is interlinked with the network radiality constraint
defined in Section IV-A. Note that the bilinear terms
in (11) and (12) can be relaxed into linear constraints
using McCormick relaxation [25], and is further illustrated in
Appendix C.

fi,t=f*<1_

C. Modeling Grid-Following PV Inverters

All 3-¢ and 1-¢ PV inverters are operated in grid-following
mode, meaning they can come online only after the bus they
are connected to is energized. If yf,t,b € Bpy are binary

o
Available generation L AN
5 - = = Actual generation A/ ""
P / b \ »
% / '1' N “ "'/
o - \/ .
> / A
Q Extended outage ;
»Atu—
—t—t—t e
bus energlzed /t time (t)
Fig. 4. Energization of grid-following DERs such as PV.
Diversified load
. === CLPU load
U —
e Extended outage . Approx. CLPU
E I
] .
n ' .
o [ e .— -
© [ e
O L]
4 .
+—t—— e Al
bus energized / time (t)
Fig. 5. Cold load pickup model after an extended outage.

variables representing the energization status of buses where
PVs are connected, then the grid-following nature of PV
inverters can be modeled as:

PPV

PyYyy .1 Vb e Bpy (13)

Here, PP V' and PP V' are actual and predicted PV power
generatlon Note that we multiply PV generation in (13) by
yb .1 rather than ybt due to consideration of an intentional
time delay of one-time step. The typical inverter intentional
time delay of grid-following renewable generation is 2-15 min-
utes, as recommended by IEEE 1547-2018. The impact of
intentional time delay in the output PV power is illustrated
in Fig. 4. The reactive power injections are assumed to be
controllable, and their capabilities are defined to follow IEEE
1547-2018 standards in [26] as:

—0.484[P,V 1y . < Q)Y <0.484[PV 1y . (14)

Here, [P] f; v
bus b.

is the rated generation capacity of PV located at

D. Modeling Cold Load Pick Up (CLPU)

Black starting a distribution system requires picking up cold
loads, leading to initial higher power demand compared to
its diversified form. The initial elevated demand gradually
decreases with time in a non-linear way and finally follows the
diversified demand, as illustrated in Fig. 5. This phenomenon
is called the CLPU effect [27].

In this work, to eliminate the non-linearity introduced by the
CLPU effect, a staircase modeling approach is developed, as
shown in Fig. 5. The developed approach captures the CLPU
effect by introducing CLPU coefficients {oq, a2, ..., oy},
which progressively diminishes over time. Actual demand is
then modeled as the product of their diversified load and the
respective coefficient.
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Fig. 6. Possible switch states while blackstarting.

Generally, a distribution system has many hard-wired
loads and few switchable loads. Hard-wired loads are non-
switchable and are picked up upon energization of the bus to
which they are connected. In contrast, switchable loads can be
picked up in a controlled way. We assume switchable and non-
switchable loads do not co-exist in the same bus for brevity.
We represent buses containing switchable load by Bc¢r and
non-switchable load by Byr, and assume Bcp N Byr = {}.
Depending upon the status of the load yﬁ ,» the power demand
of the switchable or non-switchable loads can be defined as:

PbD,t = PEI; (O” (yg,t - yf,t—l) + az(yg,t—l - YIL;),t-Z) +

a3 (050 = 2,3) —i—y,?,) Vb € Bey U Byg. (15)
0P, = PP, tan(6f) Vb € By U B (16)

Here, prf is forecasted diversified load. The terms within
the bracket in (15) define the approximated CPU effect. If the
load at bus b is non-switchable, then both the bus and load
will have the same status, which is defined as:

Yo =Ys, ¥beDBy (17)

E. Modeling Switching Structure of Distribution System

A distribution system comprises a cluster of buses, referred
to as bus-block [14], that are interconnected by switches, as
shown in Fig. 1. During a blackstart, these bus blocks are
energized sequentially with the help of blackstart resources
by closing the switches one after another. It is essential
to model the switching constraints to generate technically
feasible switching sequences, as discussed below.

1) Modeling Switches: To integrate with the power flow
model in Section III-F, we will represent all the switches by
a negligible-impedance line (i, j) where i,j € B. A switch
may be in five states, shown in Fig. 6, while black-starting
the system. In state 1, switching is infeasible because a switch
requires cranking power to operate remotely. Switching is
feasible at states 2 and 3 while switching at state 4 depends
on the switch’s capability. Only a switch with synchronizing
capability can turn ON at state 4. Hence, we will consider
two types of switches: (a) energizing switches (ESW) and
(b) synchronizing switches (SSW), and model their switching
constraints. The switching constraints at all five states are

shown in Table I for both the ESW and SSW, where Ayl-Lj’t =
L

L _
Yije = YVijr-1-

a) Energizing switch (ESW): Energizing switches (e.g.,
breakers, reclosers, or tie-switches) are turned ON to power
the inactive portion of the DS. However, they cannot close
the switch to connect two active buses, as these may have

different phases and frequencies. We define the set of all ESW

IEEE TRANSACTIONS ON SMART GRID

TABLE I
CONSTRAINTS FOR ENERGIZING AND SYNCHRONIZING SWITCHES (i, j)

L .
state | yly | Yl o1 | U Ei?éiljyt constraslgt\?v
1 0 0 0 Ayb, =0
2 0 1 0 Ayl <1
3 1 0 0 Ayh, <1
4 1 1 0 [ayh.=0]ays, <1
5 1 1 1 Ayb =0

by £EW. All the constraints for every state of ESW in Table I

can be succinctly defined for all (i, ) € LEV as:
Ve S VP Vi (18)
AVje £2=Yie =Y A, 20 (19)

b) Synchronizing switch (SSW): Synchronizing switches
are special switches equipped with Intelligent Electronic
Devices (IEDs) with the additional functionality of monitoring
voltages across the switch at a fast rate to facilitate syn-
chronization of the grids. They are also referred to as smart
switches in [15]. We represent all SSWs by a set £33 Similar
to ESW, switching constraints for all (i,j) € L5V can be
defined as:

yl['},[ = )’5;_1 + yf;-]t Ayfj,[ = 0 (20)
To close an SSW, it is significant to match the voltage and
angle of buses i and j to ensure secure connection of grids.
Imposing this constraint is challenging when using the branch-
flow model (outlined in Section III-F), as it does not use node
voltages in polar form. However, we can satisfy this constraint
by ensuring negligible (ideally zero) power flow across the
SSW when it is switched ON and then relaxing the power
flow afterward (More thoroughly discussed in Appendix D).
This will require identifying the instant of closing SSW. We
know when SSW is switched ON, AyiLj’t — 1. However, this
is not sufficient as this condition is true even for a ESW.
Additionally, when SSW is switched ON, the condition (yf 1t
yft_l - yl.Lj’[) — 1, which does not hold for ESWs. Hence, the
synchronizing instant can be defined by the multiplication of
two conditions, as:
o= A (8 30 — %) 1)
Note that (21) is a bilinear constraint involving three bilinear
terms. Although it is non-convex, it can be reformulated into
a set of linear constraints using McCormick relaxation, as
illustrated in Appendix C. Utilizing z% , the synchronizing

i

constraint can be defined for all (i,)) € L5V as:

IA

- (1 - zfj,,)M —e <Py, (22)

—(1 - Z,-Lj,,)M— € < Qij:

L
€+ (1 — Zij,t)M

€+ (1 - ziLj,,>M

IA

(23)

Here, M and € are big and small numbers.
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Both are allowed to
switch ON

only one is allowed to
switch ON

B1 . B1 .

(a) (b)

Fig. 7. (a) Multiple switches associated with active bus block (e.g., B1) can
be switched ON. (b) Only one switch associated with inactive bus block (e.g.,
B1) can be switched ON.

When an ESW or a SSW (i, j) is closed, the frequencies
at buses i and j should follow or match respectively. This
constraint can be defined for all (i, j) € LEW U £5V as:

_ (1 _ yiLj’,)M e <fu—fu<e+ (1 —yf}‘t)M (24)

SSW with synchronizing constraints are the novel contribution
of this paper, which are integral for modeling synchronizing
dynamic MGs. This model can be seamlessly integrated with
linear power flow model of DS, by considering these switches
as a line with very small impedance.

2) Bus Blocks Energizing Constraints: In a multi-
configurable distribution system, a bus block is segregated by
multiple switches (for reference, see Fig. 1) and, hence, can
be energized by closing any of them. Additionally, once a
bus block is energized, it is not de-energized. We represent a
set of bus blocks of DS by M and the switches associated
with each bus block m(m € M) by a set YW(m). Hence, the
energizing constraints of a bus block are modeled as follows.

(25)
(26)

VBB > yE . ¥(m e M|(.j) € W(m)}
BB BB
Y.t z Ym,1-1
Here, yfft is a binary variable representing its activation
status. Furthermore, an energizing of bus block will activate
its lines and buses, which is modeled as:
Vi = ymy Ylm € MIG.j) € L(om)
v, =yB8  Vim e Mli e B(m)}

27
(28)

Here, £(m) and B(m) represent the set of lines and buses
associated with bus block m. To ensure the feasibility of
switching, we allow multiple switches associated with an
active bus block to be turned ON, but only one switch for
an inactive bus block (illustrated in Fig. 7). An inactive bus
block is limited to only one switch to prevent energization
from multiple active bus blocks, which may belong to different
MGs where synchronization will be necessary before merging
them. This constraint is illustrated in Fig. 7(b) and can be
define as:

2. Vi

(i,)eW(m)

Z Vi SMysE + 1 Vm e M(29)
(i ))eW (m)

Furthermore, the frequency measured at any bus within the
bus block should have same value. This can be achieved with
the help of following constraint defined for each segment m.

Jop =fmi Vb € M(m) (30)

F. Linear Power Flow Model Adaptive to Network Topology

The study conducted in [28] investigated a linearized power
flow model for an unbalanced distribution system with all
active lines and buses. However, the number of active lines
and buses are changing while blackstarting. To adapt with
active/inactive elements, we relax the power flow equations
in [28] with the help of binary variables representing the
active/inactive status of the lines (yl-Lj) and buses (y?). We
establish a power flow model by defining voltage equations
for all lines (i.e., Y(i,j) € L) as:

oy - - i}
o < v = 2(RyPys + Xyy) + MO (1 - 0F ) Glay
@ = A )
via = vl = 2(RiPys + Xy Qy,) — M (1 - y,.Lj,t) (31b)

— M‘szyiLj’t <P, < M‘Diiysyt (3lc)
_ M(DUY:'Lj,t <Qj, < MCDU_Y[L]"[ (31d)
0.9025% 7, <v;, < 1.1025% )7, Gle)

Here, v, is a vector representing the square of voltage
magnitude at each phase in the bus j; viq)t’j is sub-matrix of v;
containing the entries associated with Cﬁij; Pj; and Qj; are real
and reactive power flow on line (i, j); M is a user-defined large
constant vector that helps to relax the power flow constraints
(31a)-(31b) even when the line (i, j) is unenergized (i.e.,
when yiLj’t — 0). A multi-configurable distribution system is
an undirected graph, particularly while black-starting, without
prior information of parent-child relationships among its buses.
Nonetheless, the relaxation in (31¢)-(31d) allows bidirectional
power flow, allowing us to initially treat it as a directed
graph with assumed parent-child relationships. Finally, (31e)
is a box constraint for v;, to regulate voltage magnitude
between 0.95 to 1.05 p.u. if the status of the bus is active
(i.e., when yJB — 1), otherwise squeezed to 0. R;; and Xj;
are matrix parameters associated with line resistance and
reactance, whose computations are shown in [28].

Neglecting the line losses, the power flow on line (i, j) is
written for all (i, ) € L as:

Py = Y Py,—pj, (32a)
keN())

Qi = Y. Qu:—4q (32b)
keN(j)

Here, N(j) is a set child bus of bus j; p;/q; is a vector of net
active/reactive power injection at bus j such that generation is
assumed positive and demand is negative.

G. Modeling Transmission Grid Outage and Recovery

A DS is disconnected from out-of-service TG during the
blackstart and later reconnected when the TG is restored. We
represent a set of transmission-distribution interconnection bus
as BTC and its active/inactive status by a binary parameter yl{ff.
Note that yzg is an input parameter, whose value is set to 0
when the TG is out-of-service and 1 when it is active. Hence,
the TG is modeled for all b € BTG as:

(P19)" + (219) = (s5)” (332)
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L.0y[S = vy, > 1.0y/5,
60y;G > fo.r > 60y.§

(33b)
(33¢)

IV. HOLISTIC FORMULATION OF BLACKSTART AND LOAD
RESTORATION PROCESS WITH SYNCHRONIZATION

In this section, we formulate an optimization problem for
bottom-up blackstart and load restoration of the DS leveraging
DERs. Our approach involves utilizing multiple BES-based
GFMIs for blackstart and extending the cranking paths accord-
ing to the DS switching structure to energize GFLIs while
maximizing the cold load pickup without violating capacity
and frequency security limits. Furthermore, we synchronize
the MGs to support each other and later with the TG upon
its recovery, ensuring continuous operation beyond the studied
restoration horizon. Our objective is to model the complete
restoration process and determine the sequence of energizing
and synchronizing switching decisions for a given TG recovery
instant.

e20 A. Dynamic Radiality Constraint Driven Synchronization
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Radiality constraint must be maintained at every switching
sequence while blackstarting the DS. In [29], radiality con-
straint is developed for static case, where the network size and
number of root buses are fixed. However, in the black-starting
problem, the radiality constraint has to be satisfied adapting to
activation status of the buses and lines. A bus with an active
grid-forming source (e.g., GFMI and TG) can be considered a
root bus. The number of active root bus defines the number of
MGs that can be formed while maintaining the tree or radial
structure. Hence, the dynamic radiality constraints are defined

as:
DoUVi=D Vbt D iR ()
(ij)el beB beBTG
Ri=Y "5+ Y 0 (34b)
beR bGBTG
P <y WYbeR (34c)

In (34a), the activation status of substation bus (ygf;) and
other buses (yg’t) have been considered separately because yl{g
is an input parameter to simulate various outage duration of
TG, whereas yf’ , are part of decision variables. Furthermore,
R; is also the decision variable defining the number of root
buses in (34b). We allow GFMI buses to be non-root buses but
do not permit them to become root buses again, by defining
(34c). Although this formulation decide the optimal number
of MGs along the black-starting and load restoration process,
it is essential to coordinate frequency perturbation decisions
(Af; ) in GFMIs, to match frequencies. This is achieved by
activating 8, ; at synchronizing instant, by defining a constraint
as:

1= Y &, YreT.VbeR

telto, 7]

iy = (35)

Constraint (35) signifies that whenever a GFMI at bus b change
its status from root to non-root bus, 8 set to 1, otherwise 0.

IEEE TRANSACTIONS ON SMART GRID

Here, ¢, is start time of balckstart and 7 is the time horizon
of study.

The dynamic radiality constraint binds the expansion of
dynamic MGs in radial manner, favors synchronization by
allowing them to adjust their reference frequency, and main-
tains radiality even after their interconnection. This is a key
contribution of the paper.

B. Optimization Model

We propose a mixed-integer model for black start and load
restoration planning where the primary decision variables are
root bus status of GFMIs (yg‘t, beR,t eT), ESW/SSWs’
statuses (yﬁt, (G,j) € LEW U L5V ¢t e T), bus blocks’
statuses (ym{%,m € M), and status of switchable loads

Ih\%,b € BNLt € T). Other decision variables pertaining
to the activation of PVs, non-switchable loads, lines, and
buses are associated with the bus block’s status (yfft). For
convenience, we associate all the decision variables into vector
X as x = Ug,t’yz;j,z’yzﬁ’y]}:{[;]r

1) Objective Function: The objective is to maximize the
load restoration throughout the black start process. Hence, the

objective is formulated as:

max Z Z

€T beBNLUBCL

PP At (36)

2) Associated Constraints: All the constraints pertaining to
individual resources and networks defined in (1) to (35) are
imposed on the optimization model.

3) Model Initialization: All GFMI are self-started, consid-
ering them to be the root buses with full SoC. Statuses of all
bus blocks and switches are considered inactive. We define
these initial conditions as:

Yo =1 ¥ _o=1 SoChino=1 VieR (37a)
¥ob =0 VmeBB (37b)
y,Lj,t_>o =0 V() e LESW U ESSW (37¢)

4) Nature of the Problem: The objective function (36)
is linear, and most constraints are also linear, with a few
exceptions, such as the quadratic constraints (5) and (33a).
Therefore, the overall formulation is a Mixed-Integer Linear
Problem (MILP) with a few quadratic constraints. Such prob-
lems can be solved to optimality using off-the-shelf solvers
like Gurobi or CPLEX.

C. Modeling Different Synchronizing Settings

The black start and load restoration problem has tra-
ditionally been examined without considering the impact
of synchronizing switching and generally ends up with
the restoration forming multiple islands. Synchronization
with the TG is essential to ensure the continuity of service
beyond the study period (7). The above problem can be
modeled in two different synchronizing settings, as shown in
Fig. 8.

1) Optimal Switching for Energizing and Synchronizing:
This is our proposed setting, where we consider a number of
root bus (R;) as an optimization variable having lower and
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(a) , (b)
G (TG
~ CroD
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arge island H

synchronize

arge island :

Fig. 8. Synchronizing settings: (a) optimally synchronizing the islands while
black starting to form a large island, which is later synchronized with TG;
(b) synchronizing islands one after another with TG after TG is available.
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Fig. 9. Modified IEEE 123 bus test distribution system.

TABLE II
LOCATION OF SSWs AND GFMIs IN IEEE-123-Bus TEST SYSTEM

Case Location :capacity .
studies (bus : MVA/ MWh) SSWlocations
S51r : 2.45/4.6
2 GFMIs 80r - 2.65/3.42 (150r, 150) , (13, 152)
N, (150r, 150) . (18, 135),
4 GFMIs Chocn (13, 18), (60, 160),
29r : 0.95/1.17 (97, 197)
152r : 1.3/2.0 ’
TABLE III

VSG-BASED GFMI PARAMETERS [20]

Parameters
(H,D,K’,)

values in pu
(4,1, 89, 0.093)

upper bounds of 1 and |R + Bjs|, respectively. Furthermore,
both the energizing and synchronizing switching are optimally
decided while black starting.

2) Switching for Synchronizing After TG is Available: In
this setting, a number of root buses (R;) are fixed to the number
of GFMIs, and only energizing switching is optimized. After a
TG is available, it is reduced progressively step by step with a
pre-defined reconnecting rule. A general rule is to synchronize
the island near the TG at first and then keep on synchronizing
its neighboring island until all the islands are connected to the
grid, as shown in Fig. 8b.

V. RESULTS

To analyze the performance of the proposed blackstart
and load restoration framework, we employed the IEEE-
123-bus test DS, which is an unbalanced network having a
maximum load demand of 3.49 MW. As shown in Fig. 9,
we segmented the entire network into 11 bus-blocks (Bl
to B11) interconnected by either a ESW or SSW. All the
switches are considered to be 3-¢. Furthermore, 1-¢/3-¢ PVs
are allocated throughout the network, with locations indicated
by square-shaped boxes. A total of 965 kW of PVs are
installed in this test system, which accounts for about 28% of
the maximum demand. Reactive power from PV inverters is
assumed controllable while complying with IEEE 1547 stan-
dards. To represent a realistic situation, we assumed that
60% of point loads are non-switchable (hard-wired) and the
remaining 40% are switchable. Their locations are shown by
red and purple circles in Fig. 9. We will conduct case studies
to demonstrate the advantages of the proposed framework,
considering scenarios with two and four BES-based GFMIs.
Locations and power/energy capacity of BES-based GFMIs
for both the case studies are listed in Table II. In both case
studies, the aggregate power and energy capacity of the GFMIs
are identical. Their total effective capacity (i.e., state of charge
between 1 and 0.2) is sufficient to sustain all non-switchable
loads for only three hours. Additionally, the locations of SSWs
are shown in Table II, while all other switches are ESWs.

Firstly, we will verify the accuracy of the estimated
frequency responses of GFMIs using an RMS model of the DS
in DigSILENT PowerFactory. The parameters for all GFMIs
have been considered identical and their values in Table III
represent the behavior of realistic synchronous generator,
adopted from [20]. Secondly, considering only two GFMIs, we
will analyze, evaluate, and benchmark the performance of the
proposed framework under various scenarios of TG restoration
following an extended blackout. Lastly, we will summarize the
performance of the proposed framework with four GFMIs.

A. Verification of Frequency Responses of GFMIs

We built a distribution network with virtual-synchronous-
generator-based GFMI model in the DigSILENT
PowerFactory and executed RMS simulation with load pickup
events to evaluate the accuracy of estimated frequency
responses listed in (2), (7), and (8). The transient responses
of the GFMI are recorded for 1, 2, and 10 MW load pickups,
as shown in Fig. 10. This dynamic simulation provided actual
values of f%**, RoCoF, and f””d, which are used as references
to evaluate the accuracy of the estimations, as shown in
Table IV. The accuracy of the estimated frequency responses
is above 92%, which is commendable as they only utilize
initial and final QSS points. This method is more favorable for
large-scale planning problem as they eliminate the requirement
of assistance from the complex dynamic simulation, proposed
in [14].

B. Blackstart and Load Restoration With Two GFMIs

We will study the proposed framework under two synchro-
nization settings, illustrated in Section IV-C, for a scenario
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Fig. 10. Transient frequency response of the GFMI under different pick-up
loads. (a) 1 MW load pickup. (b) 2 MW load pickup. (c) 10 MW load pickup.

TABLE IV
VALIDATION OF ESTIMATED FREQUENCY RESPONSES

Pick-up load (MW) 1 2 10
Measured RoCoF (Hz/s) -0.3529 -0.7058 -3.6106
Estimated RoCoF (Hz/s) -0.3780 -0.7500 -3.7500
Accuracy of RoCoF (%) 92.89 93.74 96.14

Measured f™*? (Hz) 59.9629 59.9251 59.6161

Estimated f"%¢ (Hz) 59.9635 59.9272 59.6357

Accuracy of fmad (%) 98.38 97.20 94.89

Measured f?°° (Hz) 59.9662 59.9316  59.6490
Estimated f9°° (Hz) 59.9666 59.9333  59.6666
Accuracy of f7°° (%) 98.82 97.51 94.99
08:45 09:00 09:15 09:30

9 .’
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T 3 QL

Fig. 11. Evolution of cranking paths in the proposed method.

where a blackstart is initiated at 8:45 and the TG comes online
at 12:00. Furthermore, we will compare restoration metrics for
other restoration instants of TG.

1) Proposed Method - Optimized Energizing and
Synchronizing Decisions: In the proposed method, we
optimize both energizing and synchronizing decisions to
enhance the performance of blackstart and load restoration.
The optimal sequence of establishing cranking paths obtained

776 by the proposed method is shown in Fig. 11. Here, the
777 blackstart initiates from two GFMIs at buses 51r and 89r at

778

779

780

8:45. Subsequently, the bus-blocks B4 and B11 are energized
simultaneously by closing switches adjacent to GFMIs, leading
to formation of two islanded MGs. Furthermore at 9:15, bus-

781 blocks B2 and B7 are energized in the first MG, while only

782

B9 is energized in the second MG. The boundary of these two

783 MGs expands progressively at each time step while picking
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Fig. 12. Restoration of loads in the proposed method.
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Fig. 13.  Performance of blackstart and load restoration in the proposed
method.

up loads and energizing PVs associated with the bus-blocks
till 9:45. Note that at 9:45, only BS is energized while B8
is not, due to the insufficient energy capacity of GFMI2. At
10:00, two MGs are synchronized and connected by closing a
SSW between B1 and B6. The distribution system remains in
this configuration till the TG comes online at 12:00. At 12:15,
the entire network is synchronized with TG, and BS is picked
up at 12:30. This is the final configuration at which DS is
operated after the successful blackstart. Note that when the
bus-blocks are energized, all non-switchable loads are picked
up at the same instant, as seen in Fig. 12. Depending upon the
energy and power capacity of GFMIs, only few switchable
loads are picked up when bus-blocks are energized. Many
switchable loads are restored only after connecting with the
TG, as shown in Fig. 12. Note that the system experienced
higher demand at the instant of load pickup, which decayed
approximately in an exponential manner due to the CLPU
effect.

Fig. 13 illustrates the system restoration performance of
the proposed method. The amount of restored loads increases
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with each switching decision after the blackstart process. Non-
switchable loads are quickly restored due to their hard-wired
connections, as they are integral to forming cranking paths
for energizing grid-following PVs. In contrast, the restoration
of switchable loads is deferred to prioritize the expansion of
cranking paths and the integration of additional PVs, thereby
enhancing the overall restoration process. Consequently, most
switchable loads are restored only after the connection with
the TG, as shown in Fig. 13. The aggregated PV generation
also increases, as more PVs come online with the expansion
of cranking paths. The SoC curve demonstrates that the
energy capacities of both GFMIs are fully utilized during the
blackstart and load restoration phases, prior to the TG coming
online. Throughout this process, the voltage at each node is
maintained within the range of 0.95 to 1.05 pu, as shown in
Fig. 14, ensuring stable and reliable operation.

All the frequency constraints for GFMIs are within an
acceptable range, as shown in Fig. 15. At the initiation of the
blackstart at 8:45, both GFMIs operate at 60 Hz. However,

N
o
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Fig. 16. Illustrating the connection between dynamic radiality constraint and
synchronization.

as loads are picked up, their frequencies drop independently
due to drooping characteristics until synchronization occurs at
10:00. After synchronization, the GFMIs maintain the same
QSS frequencies. At 12:15, both GFMIs synchronize with the
TG and return to operating at 60 Hz. The metrics RoCoF
and " are used to characterize the transient behavior of
GFMIs. Both metrics are within secure limits, ensuring system
stability, as shown in Fig. 15.

a) Role of dynamic radiality constraints on synchroniza-
tion: To establish a MG, a designated root bus is required to
comply with radiality constraints [29]. This root bus can be
supported either by a GFMI or by the TG. However, when
MGs interconnect or connect with the TG, dynamically main-
taining the root bus status of GFMIs becomes essential. This
is managed through the dynamic radiality constraint (34a).

As shown in Fig. 16, GFMIl1 and GFMI2 maintained
root status, forming two isolated MGs from the start of
the blackstart process at 8:45 until 9:45. At 10:00, GFMI1
dropped its root status to facilitate the interconnection of these
isolated MGs, which activated a binary variable § due to
constraint (35). This § allows the GFMIs to synchronize their
frequencies according to (12). The system then operated as a
single large MG until 12:00, when the TG was restored. At this
point, GFMI2 dropped its root status and activated &, helping
to synchronize GFMIs’ frequencies with TG. Throughout the
blackstart and load restoration process, the difference between
the number of active buses and lines consistently equaled the
number of root buses. For example, before 10:00, there were
two root buses, whereas, between 10:00 and 12:00, only one
root bus was active. One can observe that the difference in the
number of active buses and lines reduced from 2 to 1 after
the synchronization of MGs at 10:00 in the zoomed portion
of Fig. 16. This also happened in the second synchronization
at 12:15.

2) Benchmark Method — Optimal Energizing Decisions and
Rule-Based Synchronization: Existing research on blackstart
and load restoration using DERs often neglects synchroniza-
tion considerations. As a result, these approaches typically lead
to the formation of multiple islanded MGs, raising concerns
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Fig. 17. Evolution of cranking paths in the benchmark method.

about their sustainability given the limited energy capacity
of blackstart units such as BES-based GFMIs. To provide a
fair comparison with the proposed method, we incorporate
rule-based synchronization (as outlined in Section IV-C) to
merge all islanded MGs once the TG becomes available after
an extended blackout. In this benchmark approach, only the
ESWs are optimized, while the SSWs are operated in a
predetermined sequence.

The evolution of cranking paths using the benchmark
method is shown in Fig. 17. Unlike the proposed method,
the two islanded MGs remain unsynchronized and operate
independently until the TG becomes available at 12:00. At
12:15, the MG located near the TG is synchronized, followed
by the synchronization of the second MG at 12:30. Finally,
the bus-block B8 is energized at 12:45. This configuration
of the distribution system is maintained for subsequent oper-
ations after a successful blackstart. The detailed results of
the benchmark method are not emphasized, as they closely
corroborate with those of the proposed method. However,
the frequency plot, which exhibits significant differences, is
explicitly presented in Fig. 18. In this method, the two GFMIs
operate at distinct frequencies until their synchronization with
the TG-one at 12:15 and the other at 12:30. Despite these
differences, the method ensures that both RoCoF and f"*
remain within secure limits throughout the process.

3) Comparison Between Proposed and Benchmark
Methods: Depending on the severity of the outage, the TG
may have varying restoration times. Therefore, we evaluated
the performance of the proposed and benchmark methods
for different restoration instances of the TG. The restoration
performance for a scenario where the TG is restored at 12:00
is shown in Fig. 19. It is observed that optimizing both the
ESW and SSWs not only rapidly restores the load but also
enhances customer-hours served. The comparison for other
restoration scenarios of the TG is provided in Table V. It
is evident that the proposed method has a slight edge over
the benchmark method in terms of restoration metrics for
longer-duration outages. Next, we will examine another case
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TABLE V
PROPOSED VS. BENCHMARK METHODS: 2-GFMIs CASE
Customer hours DS restoration .
TG re- ; . . -
stori:l restored (MWh) % im-  time (min) :::,lep(;
proved i
proposed benchmark proposed benchmark (mins)
10:00 26.99 26.93 0.22 105 105 0
11:00  26.25 25.95 1.16 165 180 15
12:00 23.67 23.33 1.46 225 240 15
13:00 21.11 20.74 1.78 285 300 15
14:00 18.05 17.61 2.5 345 360 15

study involving four GFMIs to highlight the significance of
the proposed method.

C. Blackstart and Load Restoration With Four GFMIs

For this case study, we connected an additional two GFMIs
at buses 29 and 152 in the IEEE-123-bus test system, as
shown in Fig. 9. The allocated power and energy capacities
are detailed in Table II. With four GFMIs, four MGs will
be formed, necessitating more SSWs. The new allocation of
SSWs is also shown in Table II. We examined the performance
of the proposed and benchmark methods for the modified test
system, keeping the loads and PV generation profile the same
as in the previous case study. The summary of the simulation
results are shown in Table VI. It is observed that there is
a significant improvement in the customer hours restoration
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TABLE VI
PROPOSED VS. BENCHMARK METHODS: 4-GFMIs CASE

TG re-
stored
at

Customer hours .
restored (MWh) % im-

DS restoration

time (min)

proved

proposed benchmark

proposed benchmark (mins)

impr-
oved

10:00
11:00
12:00
13:00
14:00

27.86
26.59
23.96
21.35
18.29

26.57
25.28
22.64
19.54
16.41

4.86
5.18
5.83
9.26
11.46

105
165
225
285
345

135
195
270
330
390

30

metric for longer outages (e.g., 11.46% for TG coming online
at 14:00), while the restoration time is reduced by 45 minutes.

VI. CONCLUSION

This paper proposes a comprehensive bottom-up frame-
work for blackstart and load restoration planning, tailored
for BES-based GFMIs and renewable GFLIs. The framework
initiates blackstart using multiple GFMIs, sequentially expands
microgrid boundaries to pick up cold loads, establishes
cranking paths to GFLIs, synchronizes MGs to form larger
islands, and ultimately synchronizes with the TG to complete
the restoration process. Integration of these steps with the
linearized power flow model of the DS forms the core contri-
e26 bution of the paper. Furthermore, we enhance GFMI models by
927 incorporating control features from virtual synchronous gener-
o28 ators to establish and validate quasi-steady-state and dynamic
29 frequency responses, including ROCOF and frequency nadir.
The proposed framework is validated and benchmarked on
the IEEE-123-bus test system, considering configurations with
two and four GFMIs across various scenarios of TG recovery
times. Our findings indicate that optimizing synchronization
decisions facilitates faster restoration and enhances customer
hours restoration during prolonged outages, particularly with
increased numbers of GFMISs.

The paper focuses on formulating the fundamental concepts
necessary to enable and optimize synchronizing decisions
during the blackstart and restoration process. We acknowledge
that predicting DER generation, loads, and the timing of TG
restoration involves uncertainties, which are not addressed in
this paper. We plan to explore this aspect in future research.

APPENDIX A
TERMINAL VOLTAGE OF GFMI CONSIDERING VOLTAGE
DROOP

Terminal voltage of GFMI deviates from the reference value
(V*) with reactive power output (Q) and voltage droop gain
ss (K"), which is define as:

V| = V* —K"Q

(38)

To comply with the branch-flow model, we define the terminal

voltage of GFMI in terms of v = V|2, as:

v=(V*—K'Q)’ = (V*)’ —2V*K"Q + (K*Q)".

(39)

In the square form, the deviation from (V"‘)2 is non-linear
with Q. Hence, we simplify (39) by defining a new variable
Av¢“, which represents the last two terms in (39). With this,

the terminal voltage is written as:

V= (V*)2 + AV

(40)

MICtO8rig 7 WICYO8Tid >
GFMI 2
A

GFMI 1

Fig. 20. Two microgrid interconnected with SSW.

APPENDIX B
CALCULATION OF y TO ESTIMATE f"* FOR A VSG

The calculation of y is based on VSG control in Fig. 3a
and work presented for the synchronous generator in [21], and
is expressed as:

_&.0mad
yi = ajy/ 1 — &P (41)

where, a; = T’_K{ W’ = D+ K] £ = 2H; + D;T; o?
’ L i ’ 1 — f i
Z(Di—i-Kl.)

20, 1T T2HT,
1 o!'T;
1 = —pan L), of = wf\/1 -2
o §alT; — 1

1

Although calculation of y; is highly non-linear, it is a
constant parameter and do not increase the complexity of the
proposed blackstart optimization problem.

APPENDIX C
MCCORMICK RELAXATIONS OF BILINEAR CONSTRAINTS

McCormick relaxation transforms the non-convex bilinear
constraint into a set of linear constraints. For illustration,
consider a bilinear constraint f(x) defined as:

f@ = Y xix+gk). (42)
(i.)eBL
Here,x = [xi, ..., x,]7, BLis an (i, j) index set that defines the

bilinear terms x;x;, and g(x) is a linear function. By replacing
x;x; = wjj and introducing additional linear inequalities, the
above constraint can be relaxed as:

f@ = ) wi+gw (43a)
(ij)eBL

wij > Lxilxg + xilxg] — Ll L] (43b)

wij > [xilx; + xi [ — [xi17%] (43c)

wij < [xilx; + xi L] — [ 1) (43d)

wii < X (x5 + Lxilx — L] [x] (43e)

lx] <x < [x] (43f)

Here, |x] and [x] are lower and upper bounds of x. Note
that McCormick relaxations also holds true with binary/integer
variables.

APPENDIX D
SYNCHRONIZING CRITERIA FOR CLOSING SSW

Let’s consider two MGs connected by a SSW across buses
i and j, as shown in Fig. 20, to elucidate the synchronizing
criteria. A well-perceived set of synchronizing criteria to
interconnect these MGs is described in [30], as:
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Vi= V.0, =0,
and f; = f}.

Once this condition is met, the power flow across the SSW
will be virtually zero, even when the switch is closed.
This condition is released once synchronization is successful,
allowing the power flow across the switch to resume as desired.

The power flow (P;; +jQ;;) across the SSW (i, j) is given
by:

(44a)
(44b)

. 2
P +jQij = (Vilti — V;26))"/ Z, (45)

where Z;; is the impedance of the switch. Using this relation-
ship, we can enforce condition (44a) by ensuring that P; and
Q;; to be virtually zero, expressed as:

—e<Pj<eand —e <Q;<¢ (46)

Therefore, condition (46) can be effectively applied in the
branch flow model, along with condition (44b) imposed for
GFMIs. Importantly, the synchronization condition (46) only
needs to be applied during the synchronization period and
should be removed thereafter.
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