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Uncertainty-Aware Robust Dynamic Operating
Envelope for Safe Integration of Distributed
Energy Resources

Feixiang Zhang, Hongyi Li

Abstract—The increasing penetration of distributed energy re-
sources (DERs) motivates the research on dynamic operating en-
velopes (DOEs), which are the power limits issued by utilities to
DERs to ensure operational constraint compliance. However, the
inherent load uncertainty and the non-convexity of power flow pose
significant challenges to the optimization of DOEs. In this paper,
a two-stage DOE optimization framework is proposed, where the
first stage problem characterizes the optimal DOEs and the second
stage problem checks the feasibility of DOE internal operating
points against all possible uncertainty realizations. To ease compu-
tational burdens, a data-driven approach is leveraged to convexify
the distribution power flow model for feasibility check. In this
way, an efficient solution algorithm is proposed based on Benders
decomposition, which converts the two-stage DOE optimization
problem into two mixed-integer linear programming problems to
be solved iteratively. Finally, through detailed case studies on the
IEEE 123-node test feeder, the proposed method can achieve more
robust and accurate DOEs than the benchmarks.

Index Terms—Distributed energy resource, distribution system,
dynamic operating envelope, input convex neural network.

1. INTRODUCTION

HE penetration of distributed energy resources (DERS),
T such as photovoltaic systems, wind turbines, and energy
storage devices, has increased over the last few years. DERs are
capable of participating in electricity markets [1] and improving
resilience of distribution systems [2], [3]. In addition, DERs can
provide ancillary services, such as frequency regulation [4] and
voltage regulation [5]. However, DERs cannot operate at their
maximum export or import capacity at all times due to network
limitations [6]. To ensure secure network safety, the concept of
dynamic operating envelopes (DOE) is proposed. DOEs specify
DERSs’ power import and export limits at the connection point
over a given time interval [7]. By definition, all operating points
within these limits comply with operational constraints of the
distribution system. In other words, DOEs allow utilities to
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maintain system security without directly intervening in DER
operations and disclosing system topologies.

Building on the above definition, DOE optimization aims
at determining the maximal import and export limits at each
node. Existing research typically maximizes import and ex-
port limits separately based on linear power flow equations,
assuming that loads across the distribution system are perfectly
forecasted [8]. However, such a method raises several technical
concerns. First, feasibility verified only at boundary operating
points does not certify that all interior operating points satisfy
network constraints [9], [10]. Second, load forecast error is
unavoidable. However, existing work typically adopts determin-
istic formulations that ignore load uncertainty [11], [12]. Third,
most linearized power flow models are approximations of the
nonconvex alternative current (AC) power flow equations [13],
which might incur accuracy concerns in DOE optimization.

Existing studies have attempted to address the feasibility of
DOE interior points, but limitations still remain. Some studies
have proposed sampling-based methods in which feasible oper-
ating points are first identified via power-flow simulations. The
DOE is then defined as the convex hull of these points [14],
[15], [16]. While this provides a convenient construction, the
convex hull may still contain interior points that have never
been validated. To strengthen interior feasibility guarantees,
other studies verify feasibility at boundary points [17], where
feasibility at boundary points is taken to imply feasibility of all
convex combinations within the region. However, this method
relies on a linearized power-flow model. When more accurate
nonlinear network constraints, such as line-current limits, are
taken into account, boundary-point feasibility no longer guaran-
tees the feasibility of all interior points. Another approach ver-
ifies interior-point feasibility by first constructing an inscribed
ellipsoid or superellipsoid within the feasible region and then
deriving a hyperbox from it as the DOE [18], [19], [20]. The
resulting DOE is conservative because the obtained hyperbox is
generally sub-optimal in volume relative to the maximal feasible
hyperbox.

Load uncertainty caused by forecasting errors can lead to
network-constraint violations even when DERs operate within
their allocated DOEs [21]. Therefore, accounting for load un-
certainty is essential in DOE optimization if network secu-
rity is to be guaranteed in practice. Existing uncertainty-aware
DOE studies, however, still have important limitations. The
piecewise-affine adjustable robust policies are adopted, in which
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TABLE I
COMPARISON OF REPRESENTATIVE DOE-RELATED STUDIES AND THE PROPOSED WORK

ncertain Feasibility of all
Reference Uhgiu;?ingty po?l?tssbwi:{lig ];OE Power flow model
ACPF Physics-based LPF  Data-driven LPF

Ref. [10], [11], [14]-[16], [25], [26], [28] N/A X Vv X X
Ref. [8], [12], [13], [29], [30] N/A X X Vv X
Ref. [31] N/A X X X i
Ref. [17]-[20], [27] N/A Vv X vV X
Ref. [23] Piece-wise affine policy X Vv X X
Ref. [24] Robust counterpart X X vV X
Ref. [22] Piece-wise affine policy V Vv X X
This work Feasibility-based check N X X YV

decision variables are approximated as piecewise-affine func-
tions of uncertainty [22], [23]. Although this formulation im-
proves tractability, the reliance on a prespecified affine structure
often leads to conservative DOEs. A robust DOE formulation
based on norm-bounded load uncertainty sets is proposed in [24].
However, the resulting DOE is constructed under the additional
assumption that all nodes share the same DOE. The resulting
DOE can be conservative and does not optimize node-wise DOE
bounds while certifying the feasibility of all interior operating
points.

In addition to feasibility and uncertainty, the accuracy of DOE
optimization is also tied to the power flow model. A central
challenge is the trade-off between accuracy and convexity. Sev-
eral works use full AC power-flow models to accurately capture
nonconvex network constraints. DOEs can be obtained either
by solving ACOPF with nonlinear solvers [25] or by itera-
tively tightening DER export limits and validating feasibility
via power-flow simulation [26]. These models are accurate but
either lack explicit guarantees of global optimality or impose a
heavy computational burden. To ease the computational burden,
both physics-based [27], [28], [29] and data-driven [30] lin-
earized power flow models have been widely studied. However,
such models are not accurate enough. To address this issue, a
piecewise-affine convex approximation of the power flow model
based on input-convex neural networks (ICNNs) is proposed
and applied in DOE optimization in Ref. [31]. Nevertheless,
our previous work in Ref. [31] addressed deterministic DOE
optimization under nonconvex power-flow constraints by us-
ing ICNN-based surrogate models to improve tractability. It
doesn’t check the robustness of DOE under load uncertainty
with feasibility guarantees for all interior operating points within
the DOE. This distinction is important because it changes the
problem from a single-stage deterministic optimization into a
two-stage adaptive robust optimization (ARO) framework, in
which the ICNN is used only as a feasibility-check model for
robust verification.

Table I summarizes DOE-related studies in the existing lit-
erature. The first three groups of studies neither account for
load uncertainty nor ensure the feasibility of all interior points
in the resulting DOE. The fourth to sixth groups address part
of them, while still not addressing both simultaneously. The
seventh group of studies further strengthens DOE characteri-
zation by considering both aspects using ACPF. Nevertheless,

it handles uncertainty through a piecewise-affine policy, which
results in a conservative DOE because the recourse decisions are
restricted to a prespecified functional of uncertainty. Therefore,
although existing studies have addressed parts of the overall
problem, a framework that simultaneously accounts for load
uncertainty, certifies the feasibility of all points within the DOE,
and maintains tractability through an accurate surrogate power-
flow model remains lacking. This gap is addressed simultane-
ously in this paper by proposing a two-stage ARO problem that
maximizes the DOE while guaranteeing the feasibility of all
interior points under any uncertainty realization.

In summary, most DOE optimization formulations guarantee
only boundary point feasibility while neglecting load uncer-
tainty, and the trade-off between power flow model accuracy and
computational tractability needs more research. To go over these
gaps, first, we propose a DOE optimization framework based on
a two-stage ARO problem. The first stage aims to characterize
the boundaries of DOE. It is iteratively refined by second-stage
feasibility cuts generated from violating interior operating points
and uncertainty realizations, which makes it different from many
existing DOE algorithms. Consequently, the resulting DOE is
guaranteed to be robustly feasible. The second stage checks
the robust feasibility, which is defined as the condition that all
points inside the DOE under any load uncertainty realization are
feasible. An ICNN-based feasibility check model is proposed to
ease the computational burdens in the second stage. Moreover,
a solution method based on Benders decomposition is leveraged
to convert the problem into a mixed integer linear programming
problem (MILP). Several case studies are presented, validating
the effectiveness of the proposed methods. The contributions of
this paper are summarized as follows:

1) A DOE optimization framework is proposed within a
two-stage ARO formulation. In each iteration, the first
stage optimizes the DOE by maximizing its volume. The
second stage verifies robust feasibility for all operating
points under all uncertainty realizations. This iterative
interaction between the two stages ensures that the final
DOE is both maximal in size and guaranteed to be robustly
feasible.

2) Based on a data-driven linearized power flow model, a
feasibility-check model for DOEs is proposed and inte-
grated into the framework. Compared with the commonly
used LinDistFlow-based feasibility-check model in [27],
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the proposed model preserves linearity while achieving
higher robust-feasibility classification accuracy, measured
by agreement with OpenDSS.

3) A solution method based on Benders decomposition is
proposed. By analyzing the characteristics of uncertainty
sets and applying the big-M method, we linearize the
bilinear terms and reformulate the DOE optimization into
an MILP problem, which is tractable for off-the-shelf
solvers.

The remainder of the paper is organized as follows.
Section II provides problem formulation, including models of
DERs and loads, the AC power flow model, and the DOE
optimization problem. Section III presents the ICNN-based
feasibility check model, ICNN-based DOE optimization formu-
lation, and the solution method. Section IV reports numerical
results that demonstrate the practicality and robustness of the
proposed DOE method. Section V concludes with key findings

and implications.
II. PROBLEM FORMULATION

A. Notation

For a distribution system, assume it’s a graph G(Vg, E¢)
with a vertex set Vi and an edge set E. We use (i,5) € E¢
and ¢ — j to denote an edge that points from node ¢ to node j.
T :={1,2,3,...,T} is the set of all time intervals, indexed by
t. 1 represents a vector with all elements equal to 1. I denotes
the identity matrix. || - || denotes the Euclidean norm.
B. Models of DERs and Loads

In practice, DOE optimization often relies on both DER and
load forecasts. This subsection introduces the mathematical
models of DERs and uncontrollable loads used in DOE opti-
mization formulation, along with their associated uncertainties.

1) DER Model: The output of DERs is restricted to their
power range limits:

DER DER —DER
Py SDPii SDit s (la)
Y (1b)

where p23* and g7’} are the active power and the reactive power

injection of DER% at node j at time ¢, respectively. The output
should be limited by its lower bound p]])ER and upper bound pDER.
DER can operate under multiple control modes, such as constant
reactive power, constant power factor, Volt-Var, Volt-Watt, and
Frequency-Watt controls [32]. Among these options, we adopt
the constant power factor model. Therefore, we assume without
loss of generality that the tangent of the angle corresponding
to the power factor kPER of nodal power injections is known.
In the context of DOE, DER power dispatch happens after the
DOE:s are optimized, and is uncontrollable by utilities. Thus,
in this paper, we consider all possible DER operating points
within the optimized DOE and ensure they comply with network
constraints under any uncertainty realizations.

2) Load Model: From the utility’s perspective, load is uncon-
trollable, and deviations from load forecasts can impact nodal
voltages and branch flows. Hence, load forecast uncertainty is

significant for DOE optimization formulations. The nodal active
power load is modeled as lying within an interval bounded by
its upper and lower forecasts. The uncertainty of uncontrollable
load can be formulated as:

P = CiuPie + (1= C5o) - P (2a)
QJt kPF p] t (2b)
U:={c1o0=<c<1}, (2¢)

where plj,t is the nodal active power load of node j at time ¢,
which is limited by its upper bound /), and lower bound ]5’5,
Assume the load of all nodes has the same power factor. k% . is
the tangent of the angle corresponding to the power factor. Let
the auxiliary variable (" represent the uncertainty realization
that is from O to 1, such that pljjt can be any value within
this bound. ¢/ is the uncertainty set. In addition, the proposed
framework can also be extended to other uncertainty models,
such as budgeted uncertainty sets [33]. Such an extension would
mainly modify the uncertainty-set definition and the second-
stage worst-case reformulation, while the overall two-stage ARO
framework would remain unchanged. Therefore, the proposed
solution methodology remains directly applicable, and only the
uncertainty-set representation and the associated subproblem
reformulation need to be adapted.

C. Distribution System Power Flow Model

The AC power flow model provides an accurate description
of distribution networks by capturing the relationships among
active and reactive power, nodal voltage magnitudes, and branch
currents. The AC power flow model based on the branch flow
model can be formulated as [34]:

Dijt = Z Dik,t +Djt +1iilije, Vi€ Vg, (3a)
k:j—k
Gijr= O Gret+aatagliye Vi€Va, (b
k:j—k
pie =15, —pIE%, Vi eV, 3c)
G =dy—ayis, Vi€ Va, (3d)
Vit = Vit = 2rijpije — 2%i5Gi5.0 + (155 + x3;) Lijie,
V(Z,j) € EGa (36)
2 2
ijt T ij .
Lije = w (i, j) € Eq, (3f)
i,t
Vig SV V<V Ve Vg, (3g)
Lije < 1B V(i,j) € Eg, (3h)

where p;; and g;; denote the net active and reactive power
demands at node j and time ¢, respectively. p;;; and g¢;;¢
represent the active and reactive power flows from node 7 to
node j at time ¢. r;; and x;; are the line resistance and reactance.
I;j + is the squared magnitude of the current flowing from node
1 to node j. V;; represents the squared voltage magnitudes at
nodes i at time . V™ and V™" are the range of V; ;. I
is the upper limit of I;; ;. Constraints (3a) and (3b) represent
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the active and reactive power balance constraints; Constraint
(3e) defines the voltage drop constraint between node ¢ and
node j. Constraint (3f) defines the relationship between branch
power flows, squared current magnitude, and squared voltage
magnitude. Constraints (3g) and (3h) ensure that the voltage
and the current remain within the predefined operating range.

D. DOE Optimization Problem

By definition, DOEs are node-wise power ranges, which are
decoupled from each other. Thus, DOEs are typically formulated
as a hyperbox, where each controllable variable is limited by its
lower and upper bounds. Thus, the DOE can be formulated as
P:

P:={plp<p <D}, “

where p and p are minimum and maximum power limits.

DOE optimization aims to determine the maximum export and
maximum import capability of each DER node, while ensuring
that every point within the DOE satisfies power flow constraints
(3) under any realization of uncertainty. In other words, the DOE
optimization problem aims to maximize the feasible region of
power injections with the shape defined in (4) and guarantees
that, for all possible realizations of load power and for all
DER power within the DOE, power flow constraints (3) are not
breached. In practice, DOE operation naturally has a here-and-
now and wait-and-see structure. The utility first determines the
DOE boundaries as operating limits for DERs. After the DOE
is issued, DERs may operate at any admissible point within the
DOE, while the actual load uncertainty is realized afterward.
Therefore, the DOE bounds must be determined before both the
DER operating point and the uncertainty realization are known,
and feasibility must be guaranteed after they are realized. If nei-
ther load uncertainty nor interior-point feasibility is considered,
the problem reduces to a deterministic DOE problem, which can
be handled in a single-stage formulation. However, in this paper,
the requirement is that every operating point within the continu-
ous DOE set must remain feasible under every realization of the
continuous uncertainty set. This joint requirement would raise
infinitely many feasibility conditions. Therefore, a single-stage
formulation is not tractable, which motivates the two-stage ARO
formulation.

Accordingly, based on equation (4), the DOE optimization
problem can be formulated as an ARO:

min  — 1" (p—p) + max
p.p = pePlreu

gg}r/l 0 (®)]
where y denotes all variables of the power flow constraints and
Y ={y| f(y,p,¢*) =0, g9(y,p, C*) < 0} denotes the feasible
region depicted by constraints (1)—(3). Problem (5) follows a
two-stage ARO structure. This problem can guarantee that the
DOE is robustly feasible, which is defined as follows: for every
admissible DER operating point p € P and every uncertainty
realization (% € U/, there exists a feasible auxiliary variable
vector y such that all network and device constraints are satisfied.
The outer minimization enlarges the DOE by maximizing its
volume. The inner maximin problem checks that for any nodal
injection point p together with a load uncertainty realization ",
whether there exist feasible operational variables y such that all
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constraints are satisfied. The minimization of the inner problem
is a feasibility check, which tries to find a feasible operating
point when given p and ¢". If a feasible y exists, the objective
value of the inner problem equals zero; otherwise, it returns oo,
indicating infeasibility. The maximization of the inner problem
examines all possible p and ¢, and then identifies the worst
case. In this way, the optimal DOE obtained by solving problem
(5) guarantees that all possible DER power dispatches within the
DOE are feasible under any realization of uncertain load power.

Although this paper maximizes DOE size in the first stage,
the proposed framework can accommodate different first-stage
objectives. Fairness-oriented objectives, such as uniform cur-
tailment [26] or equal curtailment amount [30], can also be
incorporated without altering the second-stage robust feasibility
verification.

III. RoBUST DOE OPTIMIZATION ALGORITHM
A. ICNN-Based Feasibility Check Model

The second-stage feasibility check in problem (5) requires
solving power flow equations under varying DER dispatch and
load uncertainties. Due to non-convexity, the AC power flow
model can only be applied to specific DER dispatches and load
uncertainty realizations. However, it is impossible to enumerate
them since both the DOE and the uncertainty set are continuous.
In addition, directly embedding ACPF into the second-stage
feasibility-check problem would lead to a nonlinear and non-
convex formulation, which would need to be solved repeatedly
within the iterative robust DOE algorithm. This would reduce
tractability and scalability. Conventional convex relaxations,
such as SOCP, are also not adopted here because their tightness
cannot always be guaranteed for the problem considered [35].
Therefore, a linear surrogate model is preferred for the embed-
ded feasibility check. To do the feasibility check in a more
computationally efficient way, we use ICNNs to replace the
power flow model in our proposed feasibility check model.

1) Preliminaries of ICNN: Fig. 1 illustrates the architecture
of ICNN. The network consists of an input layer, multiple hidden
layers, and an output layer. The input variable is denoted by n,
while the hidden layer outputs are represented by zj, and the
final output is denoted by m. Each hidden layer is generated
through an affine transformation of the input and the previous
hidden state, followed by an activation function o (-) [36]. In this
paper, we adopt ReLU as the activation function, which leads
to a piecewise linear approximation of power flow mappings
that can be further relaxed into a linear form. The parameters
of the ICNN include the weight matrices W;*, W7, and the bias
terms by, where W/ are required to be non-negative to preserve
convexity.

2) ICNN-Based Power Flow Model: The forward propaga-
tion of an ICNN can be expressed as a sequence of affine
transformations and ReLLU activations. Specifically, for an input
n, the inference of output m can be written as:

z1 =o(Win+bo), (6a)
Zk+1:0(W]ka+W£n+bk), k=1,...,K —1, (6b)
m=Wgzx + Wgn + bk. (6¢)
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Input layer
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Fig. 1. Diagram of ICNN.

Since W} > 0 and the activation function ReL.U is convex
and non-decreasing, the mapping from input » to the output m
is guaranteed to be convex.

The ReLU activation o(u) = max{u, 0} can be represented
exactly by introducing an auxiliary variable z and the linear
inequalities when minimizing the output z:

min  z (7a)
s.t. z >, (7b)
2 >0, (7¢)

where z is the activated output and u is the affine input. When the
objective z is minimized, this reformulation provides an exact
representation of the ReLLU activation.

Thus, the inference of ICNN can be equivalently represented
as the minimization of output m subject to a set of linear
constraints. Equations (6) are equivalent to:

min m (8a)
Z 11
st. zi = Wyn+by, z1 > 0, (8b)
21 > Wiz +Win+bg, zp41 > 0,
k=1,...,K -1, (8¢)
m > Wgzg +Wgn+ bk. (8d)

The above reformulation makes it possible to embed a trained
ICNN as a linear part of optimization models, providing a com-
putationally efficient way to consider power flow constraints,
without sacrificing too much accuracy, as we discussed in the
following paragraphs.

As discussed in our previous work [31], to preserve convexity,
the input of ICNN is the net active and reactive power at all
nodes, while the outputs are the nodal voltage magnitudes and
line current magnitudes:

m' = [V;=v] m" = 1. ©)

where V' is the bus voltage magnitude vector and I is the line
current magnitude vector. We use 8" and 6°' to denote the overall
violations of constraints (3g) and (3h):

§° = 1" max(m® 4 ¢°,0), o€ {v,ol}, (10)
where e¥ = [—V/™a%; /i) represents the voltages limits, £ =
[—I™2*] represents the line currents limits. 0° is zero if the
corresponding constraints are satisfied and positive otherwise.
According to (7), by minimizing 6¥ + §°!, equation (10) can
be replaced by linear constraints. Thus, the ICNN-based power
flow model aims to minimize the violation term subject to the
ICNN constraints. Furthermore, by enforcing 6¥ + 6% = 0, the
formulation becomes a feasibility check model: it determines
whether there exist auxiliary variables zj, that drive all violation
terms to zero, which is equivalent to verifying that the operating
point lies within the feasible region where all constraints are
satisfied. Accordingly, we propose an ICNN-based feasibility
check model:

min 0 (11a)
2
st py = py(Ch) = PP, V) e Vg, (11b)
q; = kpppy(C) —kRETD)™R, Vie Ve, (o)
n= [pj] : (11d)
q
20 >Win+b5, 27 >0, Yoe{v,ol}, (lle)
P 2 WP+ W n+ bY, 204, 20,
k=1,...,K, Yoé€{v,ol}, (11£)
0> Wgz% + Wen+bj +¢e°,
Yo € {v,ol}, (11g)

where p?ER denotes the DER active power injection of node j.
The actual net power at each node is denoted by p; for active
power and g; for reactive power. pJL is the active loads at node
J. W%, W%, Wi°, bg, and b, are the parameters of ICNN,
which are obtained by training the neural network. n denotes the
input vector of the ICNN. z{ represents the output of the k-th
hidden layer. K is the number of hidden layers.

B. ICNN-Based DOE Optimization Formulation

The ICNN-based feasibility-check model derived above pro-
vides a tractable surrogate of the power-flow feasibility region,
which can then be embedded into the DOE optimization prob-
lem. Based on the feasibility check model (11), the ICNN-based
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ARO problem is:
min —1"(p—p)+ max min 0 (12)
PP - peP.Cled  yeY

where Y = {y | Ap+ B¢+ + Cy < bo},y = {20 | k=1,
..., K, o€ {v,ol}} denotes the collection of all auxiliary
variables. The vector p = {p?™® | j € Vz} denotes nodal
active DER power injections, and " captures the uncertain load
realizations. Matrices A, B,C and vector by are determined
by the trained ICNN parameters W} and bg. The proposed
ICNN-based feasibility check model relieves the computational
burden brought by the power flow model. Comparing to the
original problem (5), problem (12) is relatively easier to solve,
allowing us to check the feasibility of every point p € P,
together with any uncertainty ¢* € U.

C. Solution Method Based on Benders Decomposition

Although the ICNN-based reformulation makes the
feasibility-check problem tractable, the resulting DOE
optimization problem still has a two-stage robust structure. To
solve problem (12), we further propose a solution method based
on Benders’ decomposition [33]. The Benders’ decomposition
reformulates the problem into a master problem and a
subproblem, which are solved iteratively to approximate
the original two-stage problem. The master problem (first stage)
determines and maximizes the DOE. The subproblem (second
stage) verifies the feasibility of all operating points within the
DOE under the considered uncertainties.

1) Master Problem: According to the Benders decomposi-
tion, the master problem is developed as (13). In this optimiza-
tion, we should make the decision of the first stage with variables
P, p to maximize the volume of DOE:

min  —1'(p - p) (13a)

PP -

st. p—p >0, (13b)
i (bo — Appt — BGF) <0, 1=1,...,N;, (13)

where /1; and ¢} are the solutions of the subproblem under the
I-th iteration. p?® is corresponding to the sign of p*" A. When
pTA>0, pi* =p. When "' A <0, pt® = p. Ny is the total
number of iterations. Each iteration adds a feasibility cut to the
master problem, changing the feasible region of p, p. As more
cuts are added, the solution space becomes restricted, eventually
converging to a set of bounds that guarantees the optimal value
of the subproblem is 0.

2) Subproblem: The subproblem aims to validate whether
for any given active power injection p € [p, p] and load uncer-
tainty I € U, there exists a feasible set of auxiliary variables y
such that the constraint violations evaluated by ICNNSs are zero.
This feasibility check is formulated as:

max min 0 (14a)
pelppl.ctell
st. Ap+ B¢t + Cy < b, (14b)
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The feasibility check described above involves a max—min
structure. To obtain a tractable form, one approach is to replace
the inner problem by its Lagrangian dual. The strong duality of
linear programs guarantees that, when feasible, the primal and
dual problems yield identical optimal values. The Lagrangian is
given by:

L(y,p) =p' (bg — Ap — B¢" — Cy)
— (- (15)

1 C)y+p' (bg — Ap— BCh).

where p is the dual variable. The Lagrange dual function G ()
is:

G(p) = inf Ly, ) (16)

Therefore, G(u) equals to ' (bg — Ap — BC) when the
conditions that minimize the Lagrangian dual problem meet
pu"C = 0and i < 0; otherwise, G() is infinite.

The dual problem of (14) is:

p' (bo — Ap — BCH) (17a)

max
p€[p.pl.C-eld,p

st. 0=p"C, p<o. (17b)

There are two bilinear terms in equation (17), namely
p' Ap and " B¢, which are non-convex. To address this is-
sue, we further reformulate the subproblem according to the
properties of the DOE and the uncertainty set. Denote A =

[al,ag,...,aj,...,aNA} and B = [bl,bg,...7bi,...,bNB],
then we can rewrite
pAp=[p'ay plag -+ pla; ---p, (18a)
p' B¢ =(un"by pTby e b )¢ (18b)

For each coefficient 11" a; and 11" b;, the optimal value of p;
and ¢} is determined by its sign: if u'a; > 0, then p; = p;:
otherwise, p; = p;. A similar rule applies to ¢k, To model
this selection in a linear form, binary variables s; € {0, 1} and
s; € {0, 1} are introduced, where s; corresponds to p; and s;
corresponds to ¢F. Using the big-M formulation, the bilinear
terms are equivalently linearized as:

—(1—s;)M < p'aj < s;M, (19a)

plagp; — (1= s;)M <wj < plajp, +(1—s;)M, (19b)

pla;p; — s;M < wj‘ < p'a;p; +s;M, (19¢)
—(1—s))M < pu"b; < 5;M, (194d)
—(1—s)M <wP < (1 -s;)M, (19e)
by —s;iM < wZ-B < pu'b; + s; M, (19f)
sj,s; € {0,1}, (19g)
where wj‘ and w? are auxiliary variables introduced to represent

p'lajp; and p'b;Ck, respectively, and M is a large positive
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ICNN Training
(from power flow data)

\4
| Obtain parameters W%, W%, W,"°, bg, by, |

Y
| Initialization of upper and lower bound of DOE |

Y

Solve subproblem (20)
ICNN-based feasibility check

A

All feasible ?

| Generate feasibility cut and add (13c) to (13)

Y

Solve master problem (13)
determine the upper and lower bounds p, p

Fig. 2. Flow chart of the proposed DOE optimization method.

constant. The subproblem is reformulated as:

NA NB
T A B
- S L Dowi ey v (20a)
J i
s.t. (17b), (200)
(19). (20c)

Problem (20) provides a tractable mixed-integer linear re-
formulation of the intractable subproblem, which can be solved
efficiently by off-the-shelf solvers. The worst case of DER power
dispatch and load uncertainty realization is captured by the
auxiliary variables w;* and u)f . Assume the optimal solution of
(20)is (p*, w*, wP*, 57, s3). When the binary variable s} = 0
and s} = 0, the corresponding component of p or ¢t attains
its upper bound. respectively. When s7 =1 and s} =1, the
variable is fixed at its lower bound. By applying this mapping,
the realizations p* and ¢™* can be obtained.

D. Summary of Proposed DOE Optimization Method

The overall solution procedure is illustrated in Fig. 2, and
the iterative Benders decomposition steps are summarized in
Algorithm 1. First, an ICNN is trained using historical or sim-
ulated power-flow data, from which the weight matrices and
bias parameters are extracted. With these parameters fixed, the
ICNN is transformed into a linear programming representation
of the power-flow constraints and embedded into the proposed
two-stage ARO framework. According to the Benders decom-
position algorithm, the master problem (13) first determines a
candidate DOE by optimizing its lower and upper bounds. For

Algorithm 1: Benders Decomposition.

1: Initialize iteration index [ = 1, tolerance ¢ > 0, and
DOE bounds 7' and p'.

2: while true do ;

3:  Solve subproblem (20) with given (p', p') to obtain
the optimal solution (s}, w;**, wf*, 57, s% ) and the
corresponding (¢F*, p??).

4: if the objective value of (20) > ¢ then

S: Add the following cut to the master problem (13):

pi" (bo — Ap}* = B¢*) <0 Q1)

6: Update [ < [ + 1.
7: Solve master problem (13) to obtain the updated

DOE (', p").
8: else B
9: break
10: end if

11: end while
12: Output: the final feasible DOE (p',p').

this candidate DOE, the subproblem (20) is then solved to search
for a violating operating point inside the DOE together with
a load-uncertainty realization. If no violating point is found,
1.e., the objective value of the subproblem is smaller than the
prescribed tolerance e, then the current DOE is robustly feasible,
and the algorithm terminates. Otherwise, the subproblem returns
the corresponding violating DOE point, uncertainty realization,
and dual variables, which are used to construct a feasibility
cut (13c). This cut is then added to the master problem to
exclude the current infeasible DOE candidate and tighten the
DOE boundaries. After that, the master problem is re-solved to
generate a new DOE candidate.

IV. NUMERICAL STUDY

A. Experiment Setup

In this paper, the IEEE 123-node test feeder and EPRI ckt5
test feeder are used to verify the effectiveness of the proposed
approach, shown as Figs. 3 and 4. The nodal voltage magnitudes
are constrained to [0.90, 1.10] p.u. on a4.16-kV base and 7.2-kV
base for the IEEE 123-node test feeder and the ckt5 test feeder,
respectively. There are 2 three-phase DER buses for the IEEE
123-node test feeder and 4 single-phase DER buses for ckt5
test feeder. Loads of all nodes are assumed to be forecasted.
The power factor of both uncontrollable loads and DER outputs
is assumed to be 0.95. The optimization problems are solved
in MATLAB using Gurobi 12.0. We use OpenDSS to conduct
power flow simulations for result validation. For ICNN training,
30,000 samples are generated using OpenDSS. The dataset is
split into training, validation, and test sets with a ratio of 64%,
16%, and 20%, respectively. For the IEEE 123-node test feeder,
the line current magnitude model uses four hidden layers with
256, 256, 128, and 64 neurons, respectively, while the nodal
voltage model uses four hidden layers with 256, 256, 128, and
128 neurons, respectively. For the ckt5 test feeder, the line
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Fig. 4. EPRI ckt5 test system.

current magnitude model uses three hidden layers with 256,
1,028, and 512 neurons, respectively, while the nodal voltage
model uses two hidden layers with 512 and 1024 neurons,
respectively. Both models are trained using the Adam optimizer
with a learning rate of 0.001, a batch size of 200, and 200 epochs.
The interval bounds p" and p for uncontrollable nodal loads
are synthetically generated from U.S. Midwest utility load data.
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Fig. 5. DOEs of three methods on the IEEE 123-node test feeder.

To demonstrate the effectiveness of the proposed method, we
compare it with the following benchmarks:

1) B1: The proposed method, with ICNN-based feasibility
check and jointly optimized upper and lower bounds,
denoted as ICNN-based DOE (both bounds);

2) B2: Joint optimization of DOE upper and lower bounds
while using LinDistFlow (LDF) [27] for feasibility
check, denoted as LDF-based DOE (both bounds), (see
Appendix A for details);

3) B3: Optimizing upper/lower bounds of DOE sepa-
rately with the proposed ICNN-based feasibility check
model [31], denoted as ICNN-based DOE (single bound).

B. Validation of DOE Robustness

We first validate whether the final DOE obtained by the
proposed method is robustly feasible. The DOE of the proposed
method (marked blue) is shown in Fig. 5, which presents the
estimated active-power bounds at selected nodes. A pronounced
disparity between the upper and lower bounds is observed at
node S35, indicating greater flexibility in net injection, whereas
nodes S86a—S86¢ exhibit comparatively narrow bounds. One
possible reason is that S35 is closer to the slack bus, while the
S86 nodes are near the feeder end, where voltage drop and branch
limits tighten the feasible range.

To validate the robustness of the DOE, we employ an
optimization-based certification procedure. For a given DER
power injection, we verify feasibility under all load uncertainty
realizations, as described in detail in Appendix B. 6,000 points
within the DOE are randomly sampled and used as the input of
the certification problem. Results show that all sampled points
are feasible under every uncertainty realization. Therefore, un-
der the ICNN-based feasibility check model, the proposed DOE
optimization framework can guarantee the robustness of DOE,
i.e., every operating point within the DOE satisfies all network
constraints under any uncertainty realization.

C. Impact of Feasibility Check Models

After validating the robustness of the final DOE under the
proposed method, we next examine how the feasibility-check
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TABLE II
COUNTS OF ROBUSTLY FEASIBLE SAMPLES OF ICNN-DOE AND LDF-DOE
ICNN LDF OpenDSS  Samples
Only in ICNN 505 505 501 505
Only in LDF 43 305 59 305
In neither 37 181 44 190
TABLE III

ACCURACY OF ICNN-DOE AND LDF-DOE RELATIVE TO OPENDSS

ICNN LDF OpenDSS
Only in ICNN  99.20%  99.20% 100%
Only in LDF  90.81%  19.34% 100%
In neither 85.78%  26.84% 100%

model affects the resulting DOE characterization. The ICNN-
based DOE and LDF-based DOE (marked blue and orange),
while jointly optimizing the upper and lower bounds, are shown
in Fig. 5. The ICNN-based DOE is generally narrower than
the LDF-based DOE. In contrast, the LDF-based DOE remains
relatively flat and wider across all nodes, reflecting a less
conservative characterization. To compare the accuracy of the
ICNN-based and LDF-based DOEs, we randomly sample the
power at DER nodes from three disjoint categories: samples only
in the ICNN-based DOE, samples only in the LDF-based DOE,
and samples in neither DOE. Since OpenDSS cannot directly
validate an infinite set of continuous uncertainty realizations,
we adopt a sampling-based method to validate robustness [37],
[38]. The uncertainty domain [0,1] is discretized into 100 equally
spaced uncertainty realizations. For each sample, feasibility is
checked against all 100 uncertainty realizations to see if opera-
tional constraints are satisfied, using power flow simulation tools
like OpenDSS.

In Table II, we report the counts of samples classified as
robustly feasible, i.e., feasible for all uncertainty realizations,
by the ICNN-based feasibility check model, the LDF-based
feasibility check model, and OpenDSS. A sample is labeled 1 if
all realizations are satisfied; otherwise, it is labeled 0. Table 111
summarizes the classification accuracy of the ICNN-based fea-
sibility check model and the LDF-based feasibility check model
compared to OpenDSS of each category. Assume the accuracy
of OpenDSS is 100%; thus, a higher accuracy means more
agreement with OpenDSS.

Table II indicates that the ICNN-based feasibility check
model certifies all sampled points of the ICNN-based DOE as
feasible under the entire uncertainty set, and the LDF-based
feasibility check model analogously certifies the LDF-based
DOE. These results confirm the effectiveness of the proposed
two-stage ARO-based DOE formulation in guaranteeing robust
feasibility. In addition, OpenDSS admits 99.21% samples of
the ICNN-based DOE are robustly feasible, while only 20%
inner points within the LDF-based DOE are robustly feasible,
implying that the seemed less conservative DOE obtained by the
LDF model is a result of a less accurate approximation of power
flow relationships.

Table III further highlights that in the Only in ICNN category,
both the ICNN-based and LDF-based feasibility check model
achieve a high agreement rate of 99.20% with OpenDSS. In

Fig. 6. Nodal voltages distribution for each node when only optimizing a
single bound on the IEEE 123-node test feeder.

Only in LDF and In neither categories, however, the ICNN-based
feasibility check model maintains a high accuracy of 90.81% and
85.78%, whereas the LDF-based counterpart drops to 19.34%
and 26.84%. Overall, the ICNN-based feasibility check model
matches OpenDSS better than LDF across all categories and
thus serves as a more accurate feasibility oracle.

Thus, the ICNN-based DOE gives a more faithful envelope
than its LDF-based counterpart. Consistently, the ICNN-based
feasibility check model attains higher agreement with OpenDSS
across all categories.

D. Joint Vs. Separate Optimization of DOE Bounds

A widely adopted approach in the literature is to optimize the
maximum upper bound or minimum lower bound and verify the
feasibility of the bounds. This method does not guarantee that the
interior points within the resulting bounds of DOE are feasible
under any uncertainty realization. In this section, we compared
this conventional method with the proposed joint optimization of
upper and lower bounds, with results visualized in Fig. 5 (marked
as red and blue). To illustrate the difference, we randomly sam-
pled 1,000 nodal DER power under 100 uncertainty realizations
within these two DOEs, respectively. Only 24.2% of Optimize
single bound category samples satisfy the network constraints
across all uncertainty realizations. This indicates that separate
optimization of DOE bounds is unreliable for guaranteeing
the feasibility of points within the DOE under all uncertainty
realizations. Therefore, joint optimization of upper and lower
bounds is essential.

Figs. 6 and 7 present the nodal voltage distributions across
all samples and uncertainty realizations. When only optimizing
a single bound, voltage violations beyond the voltage range of
0.9-1.1 p.u. are observed. This indicates that the conventional
single-bound optimization approach fails to adequately con-
strain voltage magnitudes under uncertainty. By contrast, when
both upper and lower bounds are jointly optimized, all nodal
voltages remain strictly within the permissible limits for every
sample and uncertainty realization.
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Fig.7. Nodal voltages distribution for each node when optimizing both bounds
on the IEEE 123-node test feeder.

TABLE IV
COMPUTATIONAL TIME OF ICNN AND LDF

Mean time of Mean time of  Mean time of

Method master problem (s)  subproblem (s) total time (s)
ICNN 0.34 1.06 220.37
LDF 0.29 0.39 69.01

E. Time-Series ICNN-Based DOE

We next apply the same iterative workflow to a 24-hour
time-series setting to evaluate the computational performance
of the proposed method. We use a 24-hour time-series data to
optimize the DOE for one operating day. The results are shown
in Fig. 8. The robustness of the DOE is validated in the same
way as presented in previous subsections. For all buses, the
upper and lower bounds of DOE increase from early morning
to late afternoon and then decline toward midnight, with the
upper limits peaking at approximately 0.5 MW. This pattern is
consistent with the total system load profile, which increases
through the afternoon and tapers off toward midnight.

To demonstrate computational efficiency, Table IV reports the
mean solution time of the master problem, the mean solution
time of the subproblem, and the mean total solution time over
the 24 time periods for the ICNN-based and LDF-based meth-
ods, under a computing environment with an Intel(R) Xeon(R)
Gold 5218 CPU (2.30 GHz) and 256 GB RAM. The results
show that, although the proposed ICNN-based method requires
a longer total solution time than the LDF-based method, the
ICNN-based DOE is more accurate than the LDF-based DOE
in characterizing the robust feasible region. The ICNN-based
feasibility check can screen out more infeasible operating points.
This typically leads to more feasibility cuts and, consequently, a
larger number of Benders iterations, which explains the longer
computational time. Moreover, the mean total solution time
of about 220 seconds remains acceptable for practical DOE
applications in day-ahead and real-time operational settings, and
therefore does not affect the usability of the proposed method.
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Fig. 8.  Daily load curve and time-series ICNN-based DOE on the IEEE 123-
node test feeder.

F. Scalability of Proposed Method

To further evaluate the scalability of the proposed method,
additional experiments are conducted on the larger EPRI ckt5
feeder. Fig. 9 shows that the three methods produce different
DOE:s on this larger system. To compare their robust feasibility,
500 operating points are randomly sampled from each DOE, and
for each operating point, 100 uncertainty realizations are eval-
uated. The validation results show that the ICNN-based DOE
is more consistent with OpenDSS than the LDF-based DOE.
In particular, among the samples lying only in the ICNN-based
DOE, OpenDSS confirms 466 out of 500 samples, correspond-
ing to0 93.2%, whereas among the samples lying only in the LDF-
based DOE, OpenDSS confirms only 312 out of 500 samples,
corresponding to 62.4%. In addition, the voltage distributions
shown in Figs. 10 and 11 indicate that boundary-point feasibility
alone is insufficient, since voltage violations may still occur
for interior operating points. These results demonstrate that the
proposed framework remains effective on a substantially larger
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Fig. 9. DOEs of three methods on the ckt5 test feeder.
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Fig. 11.  Nodal voltages distribution for each node when optimizing both
bounds on the ckt5 test feeder.

distribution network and that the ICNN-based feasibility-check
model provides a more accurate DOE characterization than the
LDF-based benchmark.

V. CONCLUSION

This paper proposes a robust DOE optimization framework
that certifies internal feasibility against load uncertainty while
retaining computational tractability. We formulate DOE opti-
mization as a two-stage ARO problem: the first stage maximizes
the envelope volume, and the second stage verifies the feasibility
of all operating points inside the envelope under any realization
of uncontrollable loads. To overcome the non-convexity of AC
power flow, we embedded an ICNN-based feasibility check
model within the ARO. A solution algorithm based on Benders
decomposition is further proposed, solving the DOE optimiza-
tion problem in an iterative manner. Case studies on the IEEE
123-node feeder and EPRI ckt5 test feeder demonstrated that the
proposed two-stage ARO-based DOE optimization framework
can verify the feasibility of all inner points within the DOE under
any uncertainty realization. The ICNN-based DOE achieves a
higher classification accuracy of robust feasibility than an LDF-
based DOE. We further showed that jointly optimizing upper
and lower bounds is critical: separate bound optimization fails
to guarantee the feasibility of interior points under uncertainty.
The time-series DOEs on a 24-hour horizon were solved within
minutes, supporting practical deployment for dynamic updates.

Several directions remain for future work. On the modeling
side, the current framework adopts a constant power factor
assumption to preserve tractability, whereas practical DERs
may also operate under other modes, such as Volt-Var, Watt-
Var, constant reactive power, or Volt-Watt control. On the
surrogate-modeling side, although the ICNN-based feasibility-
check model shows high agreement with OpenDSS, it is still
an approximation of the AC power-flow feasibility region. Fu-
ture work may therefore incorporate uncertainty-quantification
tools, such as conformal prediction, to better characterize the
surrogate-model prediction error. In addition, although the pro-
posed method is solver-friendly and tractable on the tested
system, the size of the coefficient matrices, the number of ICNN
auxiliary variables, and the number of binary variables intro-
duced in the reformulated subproblem all will affect solution
time on very large feeders.

APPENDIX A
LDF-BASED DOE

The LinDistFlow model can be modeled as:

V =Vy+2Rp" +2Xq" (22a)
pmin <y < pmax (22b)
t=_AlP, (22¢)
|P| < P™, (22d)
where er — pDER PL(CL) and q+ — kDER DER k:L

p"(¢") are the net nodal power, pPER and p* are the DER actlve

power injection and the active load power. P denotes the line
power. Since line currents are not modeled in LinDistFlow,
we approximate the current constraint (3) with a bound on the
line active power. V is the squared nodal voltage magnitude.
Jmin jmax and PMax are the limits of V and P. Aq, R, X,

701

702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738

739

740

741
742
743
744
745
746
747



748
749
750
751
752
753
754

755
756
757
758
759
760

761
762

763

12

and V[, are the parameter matrices. According to equation (5),
the feasible region of all variables § = [V'; P] can be modeled
as P ={p|Ap+ B+ Cyj<by, Dp+ EC* + Fj = d}.
Similar to the solution method in part C in the Section. III, the
LDF-based DOE optimization problem can be decoupled into a
master problem and a subproblem. The master problem can be
formulated as:

min —1"(p—p) (23a)
p,p -
st. p—p >0, (23b)
7 (bo — App* — BG) + 4T (d — Dpj* — EG)
<0, k=1,...,Np, (23c¢)

where 7}, A}, and (}* are the solutions of the subproblem
under the [~th iteration. p}? is corresponding to the sign
of v;TA+1"B. When A+ 1;TB >0, pd! = p. When
lTA + AI*TB <0, pl =7p. Ny, is the total number of itera-
tions. Each iteration adds a feasibility cut to the master problem.
For the subproblem, the dual subproblem is:

7 (bo — Ap — B¢Y) +2.7(d — Dp — ECY)

pe[g,ﬁr]r}g)éumk
(24a)
st. 0=A"F+~'C (24b)
<0 (24¢)
where v and A are the dual variables.
Assume that:
A=lay, ag, - aj, - sayil, (252)
B = (b1, ba, <+ by - bypl (25b)
D=[dy, dy, -~ dj, -+ ,dyil, (25¢)
E=[é1, €, - &, - exp) (25d)
The dual subproblem is reformulated as:
4 NA NB ~
gfgj’lynkangmB by — ZJ: w;‘ - Zl: w? +1"d (26a)
st. 0=ATF+~'C (26b)
7<0 (260)
§Mp >~"a; +a"d; > —(1—3)M,
(26d)

(v'aj +4Tdyp, + (1 - §)Mp > w)!

> (y'a; + /\de)gj —(1—5,)ML, (26¢)
(v'a; +1"d;)p; + 5, My, > wi
5, M,

> (y"a; +2"d)p; — (26f)

§iMp >~"b + 2" > —(1—5)M,
(262)

IEEE TRANSACTIONS ON POWER SYSTEMS

(1—3,)Mp, >wP > —(1—35)M; (26h)
(’yTl;i +ATE) + 5 My > wP >
(v"b; +1"&;) — 5 My,
5;,5,€1{0,1}

(26i)
(26j)

where w;‘ and w? are auxiliary variables introduced to represent
yajp; +ArTdjp; and v b; ¢k + AT é;Ck, respectively, and My,
is a sufficiently large positive constant.

APPENDIX B
VALIDATION METHOD

Given any power injection of DER p, we want to verify that
for any uncertainty realization, there will be nodal voltages and
power flow that don’t violate any network constraints. Based on
equation (5), this can be formulate as:

max min0 27

cteld  yeYy
where y denotes all variables, Y = {y | Ap + B¢Y + Cy < bo}
denotes all inequality and equality constraints. Similar to the
solution method in part C in the Section III, the Lagrangian
dual formulation and reformulation are given below. The dual
subproblem is:

Jnax. p" (bg — Ap — BCY) (28a)
st. 0=p'C (28b)
u<0 (28¢)
where 1 is the dual variable.
The dual subproblem is reformulated as:
57%?53 bo — Ap) — Z w; (29a)
st. 0=p'C (29b)
p<0 (29¢)
siM > p'b; > —(1— ;)M (29d)
(1—s)M >wP > —(1—s;)M (29)
plbi+ siM > wf > ph —s; M (29f)
s; €40,1} (29g)
where w? is auxiliary variables introduced to represent 1 b;CF,

and M is a sufficiently large positive constant. N B is the number
of columns in B.

Therefore, if the reformulated subproblem is 0, we can say
that given a power sample, for any uncertainty realization, there
will be no constraint violation.
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