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Abstract—The increasing integration of distributed energy re-

Q1

4
sources (DERs) presents both opportunities and challenges for the5
operation of distribution systems. To maintain network integrity,6
utilities issue dynamic operating envelopes (DOEs), which set time-7
varying power import/export limits for individual DERs. In the8
existing literature, operational constraints are usually examined9
at the boundary of DOEs, leaving the constraint compliance of10
the interior points unclear. In this paper, we propose a DOE opti-11
mization formulation that evaluates compliance with operational12
constraints for any DER dispatch within the DOE. Input convex13
neural networks are leveraged to convert non-convex power flow14
equations into linear counterparts, allowing the proposed DOE15
optimization problem to be reformulated and solved effectively.16
To address the discrepancy between the convexified and the actual17
power flow models, we further propose a calibration method based18
on conformal prediction. In this way, the DOEs optimized by the19
proposed method are associated with a confidence level, which20
could serve as a valuable network integrity metric in real-world21
implementation. Case studies are presented to validate the effec-22
tiveness, generalization capability, and scalability of the proposed23
methods.24

Index Terms—Conformal prediction, distributed energy resou-25
rces, input convex neural network, power distribution system.26

I. INTRODUCTION27

DRIVEN by technological advancements and supportive28

policies, the integration of distributed energy resources29

(DERs) continues to increase in distribution systems [1]. Despite30

the benefits of lower electricity costs, reduced carbon emissions,31

and enhanced supply reliability, integrating DERs also poses32

significant challenges for distribution system operation [2].33

Unrestrained DER operations can lead to voltage fluctuations,34

thermal overloading, and reverse power flows, which may over-35

stress legacy distribution system infrastructures. Thus, utilities36

must carefully coordinate DER operations to avoid breaching37

distribution system operational constraints [3].38

The coordination of DERs in the distribution system has been39

widely studied over the past decade. However, the mainstream40

of existing methods, such as Refs. [4], [5], typically assume that41
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DERs are directly managed by utilities or have access to grid in- 42

formation. FERC Order 2222 [6] stimulates utility-independent 43

DERs to participate in electricity markets. Since these DERs 44

cannot access grid information, utilities must develop novel 45

coordination schemes for DERs. To this end, the optimization of 46

dynamic operating envelopes (DOEs) has become a burgeoning 47

research area [7]. 48

DOEs are import/export limits issued by utilities to restrict 49

the power of individual DERs, such that network operational 50

constraints are satisfied [8]. In this way, DERs can participate 51

in electricity markets or provide grid services as long as their 52

operating points are within DOEs [9]. A predominant challenge 53

in DOE optimization is the non-convexity of distribution sys- 54

tem power flow [10]. Existing literature explores the applica- 55

tion of convex power flow models, such as the second-order 56

conic relaxations [11], [12]. However, the equivalence between 57

these convexified models and the original power flow model 58

holds under specific conditions, such as radial topology and 59

a monotonic objective function, making them inapplicable in 60

DOE optimization [13]. Linear relaxations [14], [15] greatly 61

reduce the complexity of power flow models, making the DOE 62

optimization problems easy to solve. Thus, it is unsurprising 63

that linear approximation techniques are widely adopted to 64

enhance the tractability of DOE optimization problems [16], 65

[17]. However, these linearization methods usually trade power 66

flow accuracy for optimization tractability, resulting in limited 67

generality. 68

To address this issue, data-driven approaches have been ex- 69

tensively studied to replicate power flow relationships [18]. 70

Bassi et al. [19], Kumarawadu et al. [20] and Yang et al. [21] 71

leverage multilayer perceptrons and graph neural networks to 72

approximate the power flow relationships and replace the origi- 73

nal power flow model. Although data-driven power flow models 74

cannot approximate the nonconvex power flow model globally, 75

they typically perform well within the operationally relevant 76

region [22]. However, these data-driven models are generally 77

non-convex and thus cannot be directly embedded into the 78

solving of DOE optimization problems. Neural-network-aided 79

optimization, such as constraint learning, has attracted increas- 80

ing attention in recent years, in which intractable constraints 81

are replaced by tractable counterparts generated by neural net- 82

works [23]. In Ref. [24], the authors propose a data-driven power 83

flow model based on input convex neural networks (ICNNs), 84

which is integrated into the DOE optimization problem as a 85

group of linear constraints. ICNNs are promising power flow sur- 86

rogates for DOE optimization as it express convexity, captures 87
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nonlinearity and enables efficient optimization. However, the88

research discussed above examines compliance with operational89

constraints at maximum import/export limits, yet paying limited90

attention to the robustness of the entire DOE [25].91

Robust DOEs, which consider operational constraint compli-92

ance under uncertainty, are studied in Ref. [26], [27], [28], [29].93

Liu et al. [26] investigate the robust optimization method for94

DOEs considering uncertainties in loading levels and network95

parameters. However, this method neglects the randomness of96

DER operating points inside the optimized DOE. In practice,97

after the DOE is assigned to DERs, DERs can operate at any98

point within the DOE. Such a decision is random and agnostic99

in the DOE optimization stage. Thus, it is important for DOEs to100

be robust to DER dispatch decisions, ensuring that operational101

constraints are always met in distribution system operation. To102

enhance the robustness of DOE, in Ref. [27], [28], researchers103

calculate DOE as the maximum inner hyperrectangle within the104

distribution system feasibility region. In Ref. [29], the authors105

develop a robust DOE optimization method that guarantees106

feasibility with respect to the power flow surrogate for any DER107

operating point within the envelope. However, these methods108

either rely on inner approximations or linearized power flow109

models. The approximation error between the power flow surro-110

gate and the actual power flow is not quantified, and thereby the111

resulting DOEs carry no guarantee of validity against the true112

system.113

The discrepancy between convex, tractable power flow ap-114

proximations and non-convex, intractable power flow models115

may compromise the feasibility of optimal power flow re-116

sults [30]. If not carefully addressed, the discrepancy will de-117

grade DOE performance, as the convex model may classify a118

DER operating point as feasible while it is infeasible in the119

original model, thereby making it difficult to guarantee oper-120

ational feasibility. A common practice is to tighten constraint121

parameters with predefined margins to avoid constraint violation122

due to modeling errors [31], [32]. However, there is usually123

a lack of theoretical guidelines for the setting of margins. An124

alternative is to quantify the worst-case performance of power125

flow surrogates. For example, in Ref. [33], researchers propose126

a data-driven power flow model with probability-constrained127

worst-case errors. However, this method requires solving a128

semidefinite programming problem over the training data, lim-129

iting scalability. A more scalable way is to attach a confidence130

level to the optimization results after the data-driven power flow131

model is trained [34]. Chen et al. [35] leverages quantile re-132

gression to obtain confidence-aware optimal power flow results.133

Zhu et al. [36] further uses conformal prediction to calibrate134

the quantile power flow surrogates. In the context of DOE,135

the impact of the discrepancy between convexified power flow136

models and actual power flow has not been fully studied. Liu et137

al. [37] use sensitivity analysis to identify the worst-case DER138

operating point within the obtained DOE, whose compliance139

with operational constraints is then assessed using the original140

power flow model. However, this method is heuristic and lacks141

an optimality guarantee. In summary, there is no method for142

DOE optimization that accounts for compliance with operational143

constraints at all possible DER operating points, as well as144

discrepancies between the convexified power flow model and 145

the actual model. 146

In this paper, we propose a confidence-aware DOE optimiza- 147

tion method that accounts for worst-case constraint violations 148

across possible DER dispatches. First, we propose ICNN-based 149

power flow surrogates trained with quantile loss functions to 150

capture the distribution system power flow relationships and 151

provide confidence-aware evaluation of individual operational 152

constraint violations. To provide a joint probabilistic charac- 153

terization of worst-case constraint violation, we propose a novel 154

nonconformity score, which is calculated from a separate dataset 155

and used to calibrate ICNN outputs according to the conformal 156

prediction theory. The effectiveness of the proposed method is 157

validated both theoretically and through experiments. Given the 158

peculiarity of DOE, we propose a two-stage optimization model 159

that co-optimizes the DOE size and the confidence-aware worst- 160

case constraint violation. Building on the convexity properties 161

of ICNNs, a tailored solution algorithm is proposed to facilitate 162

DOE optimization and is validated through case studies. The 163

contributions of this paper are summarized as follows: 164

1) We propose data-driven power flow surrogates that eval- 165

uate compliance with all operational constraints with a 166

specified confidence level, which is achieved by proposing 167

a novel non-conformity score for ICNN output calibration. 168

The calibrated ICNNs are leveraged to replace the non- 169

convex power flow model and enable confidence-aware 170

DOE optimization. The effectiveness of the confidence 171

level is both experimentally demonstrated and theoreti- 172

cally proven. 173

2) Based on the unique characteristic of DOE, we propose 174

a two-stage DOE optimization model that accounts for 175

worst-case compliance with operational constraints across 176

all possible DER operating points. The proposed model 177

co-optimizes the DOE size and the worst-case constraint 178

violation in a confidence-aware manner. 179

3) We propose a tailored solution algorithm to efficiently 180

solve the two-stage DOE optimization problem in an iter- 181

ative way. We leverage the convexity of ICNNs to handle 182

the continuously growing problem size as the algorithm 183

iterates, thereby reducing computational overhead. Theo- 184

retical proofs are presented to validate the exactness of the 185

algorithm and the optimality of the solution. 186

The remainder of this paper is organized as follows. Section II 187

presents the proposed data-driven power flow surrogates. 188

Section III introduces the proposed two-stage DOE optimization 189

model and the tailored solution algorithm. Section IV presents 190

case study results. Section V concludes the paper. 191

II. DATA-DRIVEN AND CONFIDENCE-AWARE POWER FLOW 192

SURROGATES 193

A. Distribution System Power Flow 194

Before presenting the DOE optimization problem, we first 195

introduce the proposed data-driven power flow model based on 196

ICNN. The following notations and assumptions are adopted. 197
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The distribution system is assumed to be radial1 and modeled as198

a graph G = (M, E), where M and E are the sets of nodes and199

lines. We use i and j to index the nodes in the distribution system.200

Indices φ, ψ ∈ Φ = {a, b, c} denote the phases. For phase φ of201

node j, we refer to pj,φ,t, qj,φ,t and |Vj,φ,t| as its net active202

and reactive power loads and voltage magnitude. If (i, j) ∈ E ,203

there is a line connecting node i and node j. Flowing through204

different phases of the lines, we have active power flow Pij,φ,205

reactive power flowQij,φ and line current magnitude |Iij,φ|. The206

self/mutual impedance of lines is denoted by rij,φψ and xij,φψ .207

Slightly abusing notations, we use the same symbols j and φ to208

index a DER that is connected to node j and phase φ. The DOE209

optimization problem is defined over a time window T , which is210

indexed by t. For each time interval t, DERs provide their active211

power limits to the utility, which are denoted by pmax
j,φ,t and pmin

j,φ,t.212

If there is no DER connected to node j, we setpmax
j,φ,t = pmin

j,φ,t = 0213

for all t ∈ T . The DERs are assumed to operate in the constant214

power factor mode. Thus, reactive power is directly proportional215

to active power. The active and reactive power of non-DER loads216

are denoted by p0j,φ,t and q0j,φ,t. The power flow model of the217

distribution power system can be written as:218

Pij,φ,t =
∑
k∈N−

j

Pjk,φ,t + pj,φ,t +
∑
ψ∈Φ

rij,φψ |Iij,ψ,t|2, (1a)

Qij,φ,t =
∑
k∈N−

j

Qjk,φ,t + qj,φ,t +
∑
ψ∈Φ

xij,φψ |Iij,ψ,t|2,

(1b)

|Vj,φ,t|2 = |Vi,φ,t|2 +
∑
ψ∈Φ

(
r2ij,φψ + x2ij,φψ

)
|Iij,ψ,t|2

− 2
∑
ψ∈Φ

(rij,φψPij,ψ,t − 2xij,φψQij,ψ,t), (1c)

|Iij,φ,t|2 =
P 2
ij,φ,t +Q2

ij,φ,t

|Vi,φ,t|2
, (1d)

The net power loads are defined as:219

pj,φ,t = p0j,φ,t − pDER
j,φ,t, qj,φ,t = q0j,φ,t − kjp

DER
j,φ,t, (2)

where pDER
j,φ,t is the active power output of DER; kj,t is the factor220

calculated from DER’s constant power factor2. In power system221

operation, utilities seek to ensure the following operational222

constraints:223

V min
j,φ ≤ |Vj,φ,t| ≤ V max

j,φ , (3)

1In the real world, many distribution systems are structurally meshed but oper-
ated radially [38], [39]. In this paper, the main focus is to enhance the robustness
of DOEs, thereby we assume radial networks to simplify the discussion.

2According to IEEE Std. 1547 [40], DERs can operate in various reactive
power control modes, including constant power factor, constant VAr, Volt-VAr,
and Watt-VAr. In this paper, we assume DERs to operate in constant power
factor mode, so DER reactive power varies, while the problem formulation is
still clean and easy to understand. The ICNN power flow surrogates proposed
in the following sections are agnostic to DER reactive power control modes
as they learn the mapping between node power injections and other physical
quantities. However, the definition of Volt-VAr and Watt-VAr curves in the Volt-
VAr and Watt-VAr modes might introduce non-linearity to the DOE optimization
problem, which must be carefully handled.

224

|Iij,φ,t| ≤ Imax
ij,φ, (4)

Pij,φ,t ≥ Pmin
ij,φ, (5)

where V min
j,φ and V max

j,φ are the minimum and maximum voltage 225

limits of node j; Imax
ij,φ is the thermal capacity of line (i, j); 226

Pmin
ij,φ represents the largest reverse active power flow allowed. 227

Constraint (3) ensures that the voltage profile of the distribution 228

system is contained within an acceptable region. Constraint (4) 229

prevents the overloading of lines. Constraint (5) manages the 230

reverse power flow caused by DERs. Operational constraints 231

(3) - (5) are mainly for the considerations of power quality and 232

infrastructure lifespan. Thus, utilities usually strike a trade-off 233

between constraint violation and other economic objectives. The 234

violations are calculated as: 235

δv = 1T
[
max (V − V max, 0) + max

(
V min − V , 0

)]
, (6)

δol = 1T max (I − Imax, 0) , (7)

δrpf = 1T max
(
Pmin − P , 0

)
, (8)

where δv, δol and δrpf represent the overall violation magnitude of 236

constraints (3), (4) and (5), respectively. For notation simplicity, 237

we concatenate the variables and parameters into corresponding 238

vector forms. The function max(a, 0) returns the element-wise 239

comparison of vector a with 0. 240

In the context of DOE, DER power could vary within a 241

prespecified range. The worst-case constraint violation severity 242

is determined by the following optimization problem: 243

max
ζj,φ

wvδv + wolδol + wrpfδrpf (9a)

s.t. pDER
j,φ = ζj,φp

−
j,φ + (1− ζj,φ) p

+
j,φ, (9b)

Power flow constraints (1) − (6), (9c)

Penalty definition (6) − (8), (9d)

where penalty coefficients wv, wol, and wrpf represent the util- 244

ity’s sensitivity to temporary violation of different constraints; 245

p−j,φ and p+j,φ denote the lower and upper limits of DOE assigned 246

to DER j. The subscript t is omitted due to the absence of tempo- 247

ral coupling. Problem (9) is intractable due to the non-convexity 248

of power flow constraints (1). 249

B. Quantile-Based Power Flow Surrogates 250

To effectively solve problem (9), we design data-driven power 251

flow surrogates to replicate the mappings between nodal net 252

power (pj,φ, qj,φ) and other physical quantities, which in our 253

case are the nodal voltage magnitudes |Vj,φ|, line current mag- 254

nitudes |Iij,φ|, and line active power flow Pij,φ. 255

In this paper, we use ICNNs as the surrogate model. The 256

structure of an ICNN is similar to a conventional multilayer 257

perceptron, but with additional passthrough connections from 258

the input to each hidden layer, as shown in Fig 1. Using x and 259

y to denote the input and output vectors, the feedforward path 260

of the ICNN can be represented by the following mathematical 261
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Fig. 1. Structure of an ICNN with passthrough connections from the input to
each hidden layer.

model:262

z1 = σ (W x
0 x+ b0) , (10a)

zk+1 = σ (W z
k zk +W x

k x+ bk) , k = 1, . . . ,K − 1, (10b)

y =W z
KzK +W x

Kx+ bK , (10c)

where zk is the output of the k-th hidden layer; W z
k and W x

k263

are weight matrices of zk and x at the k-th layer; bk is the bias;264

K s the number of hidden layer; σ(·) is the activation function.265

To guarantee the convexity of ICNN output y with respect to266

input x, two constraints are imposed: 1) the weight matrices267

W z
k are non-negative; 2) the activation functions σ(·) are convex268

and non-decreasing [41]. We use rectified linear unit (ReLU)269

σ(x) = max(a, 0) as the activation function of ICNNs, which270

is an element-wise comparison. In the following discussion, we271

denote equations (10) with y(x|θ), where θ encompasses all272

parameters, including W z
k , W x

k , and bk.273

We use three ICNNs to surrogate the constraint violations274

6, 7 and 8, respectively. The same input vector is used for all275

surrogates, which is the net active and reactive power loads of276

each node, denoted by x = [p; q]. The outputs3 of power flow277

surrogates are defined as:278

y (x|θv) =

[
V
−V

]
,y

(
x|θol

)
= I,y

(
x|θol

)
= −P . (11)

Using a superscript o ∈ {v, ol, rpf} to distinguish different279

power flow surrogates, the penalty terms can be rewritten as:280

281

δo(x) = 1T max (y (x|θo) + εo, 0) , (12)

where we define εv = [−V max V min], εol = −Imax and282

εrpf = Pmin. As ICNNs, the outputs of surrogates y(x|θo) are283

convex functions of input x. Since max(x, 0) is also convex,284

the penalty terms δo(x) defined in equation (12) are convex285

functions with respect to input x. In this way, we convert the286

non-convex problem (9) into:287

max
ζj,φ

wvδv + wolδol + wrpfδrpf (13a)

s.t. pDER
j,φ = ζj,φp

−
j,φ + (1− ζj,φ) p

+
j,φ, (13b)

pj,φ = p0j,φ − pDER
j,φ , qj,φ = q0j,φ − kj,φp

DER
j,φ , (13c)

3The design of outputs ensures the convexity of the downstream optimization
model. Detailed discussions can be found in our paper [24].

ICNN power flow surrogates (10), (13d)

Penalty definition (12). (13e)

The above problem is a mixed-integer linear programming 288

(MILP) problem due to the ReLU activation function. 289

Conventional data-driven approaches determine the surrogate 290

parameters θv, θol, and θrpf by minimizing the mean squared error 291

(MSE) across samples in the training set: 292

θo = argmin
θo

∑
n

(ŷn − y (xn|θo))2, o ∈ {v, ol, rpf} , (14)

where (xn, ŷn) is the input and actual output of sample n in the 293

training set N o. 294

Using MSE loss (14) implies that, given the input vector, the 295

trained ICNN estimates the conditional mean of each element 296

of the output vector [42]. Thus, the constraint violation is: 297

δo(x) = 1T max (E [ŷ|x] + εo, 0) , (15)

where E[ŷ|x] denotes the conditional mean of ŷ given x. The 298

conditional mean does not provide information on probability. 299

To link the severity of constraint violations to a probability 300

measure, we train ICNNs to estimate quantiles of the true target 301

values, using the following quantile loss function [43]: 302

θo = argmin
θo

∑
n,m

Lβ
(
ŷn,m,ym (xn|θo)

)
, o ∈ {v, ol, rpf} ,

(16)

where m indexes the output dimension of ICNNs, and the 303

quantile loss function Lβ(ŷm,ym) is defined as: 304

Lβ(ŷm,ym) =

{
β(ŷm − ym), if ŷm ≥ ym,

(β − 1)(ŷm − ym), if ŷm < ym,
(17)

where β is the targeted quantile level. With the quantile loss 305

(16), the outputs of ICNN satisfy: 306

P {ym (x|θ) ≥ ŷm|x} ≥ β, ∀m, (18)

where P{·} denotes the probability. In this context, solving the 307

ICNN-based convex optimization problem (13) gives a proba- 308

bilistic quantification of constraint violation severity. 309

C. Conformalized Power Flow Surrogates 310

Using quantile loss is the first step to obtain a confidence- 311

aware evaluation of worst-case constraint violation from prob- 312

lem (13). Several issues need to be addressed. As shown in 313

equation (18), quantile loss only allows us to quantify the 314

probability of each individual element of the output vector, while 315

the joint probability of overall constraint violation δo(x) could 316

be significantly lower. Furthermore, due to the limited number 317

of samples used in training, it is challenging to achieve accurate 318

quantile estimations, necessitating the evaluation and calibration 319

of power flow surrogate outputs. 320

We address the above issues by splitting the data into separate 321

sets. In addition to the conventional training set N o, we also 322

create a separate, disjoint subset called the calibration set Co. 323

Given a quantile-based power flow surrogate y(x|θo), for each 324
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sample n in the calibration set Co, we define the following325

nonconformity score Eon:326

Eon = max
m

ŷn,m − ym (xn|θo) , (19)

The nonconformity score Eon is a measure of quantile-based327

power flow surrogate performance. Equation (19) can be inter-328

preted as follows: for each output dimension m, when the true329

target value ŷn,m is larger than surrogate outputym(xn|θo), i.e.,330

the estimated quantile fails to cover the actual value, a noncon-331

formity score records the error magnitude of underestimation;332

on the contrary, if the actual value is successfully covered by333

the quantile estimated by the surrogate, a non-positive noncon-334

formity score indicates an overestimation, thereby avoids over-335

conservative quantile estimations. The max operator picks the336

largest nonconformity score across all output dimensions, which337

is the error magnitude of the worst-case quantile estimation of338

samplen. In other words, for a samplen, its nonconformity score339

Eon is positive if there is one or more dimension(s)m, where the340

estimated quantile(s) fail to cover the true target value. This341

property enables us to jointly describe the quantile coverage342

of all output dimensions. After computing the nonconformity343

scores for all samples n ∈ Co, we can calculate the following344

calibration factor:345

ρoβ :=

(
1 +

1

N

)
β-th empirical quantile of {Eon : n ∈ Co} ,

(20)

where N denotes the number of samples in the calibration346

set. Then, we calibrate the calculation of constraint violation347

penalties (12) with ρoβ :348

δo(x) = 1T max
(
y (x|θo) + ρoβ + εo, 0

)
. (21)

Since the proposed nonconformity score Eon evaluates the349

worst-case quantile estimation error across all dimensions, the350

probability of the actual constraint violation δ̂o(x) exceeding351

the calibrated estimation δo(x) in equation (21) is lower than352

1− β, as formally stated in the following theorem.353

Theorem 1: Given that (xn, ŷn), n = 1, . . . , N + 1 are ex-354

changeable, the calibrated estimation of constraint violation355

severity δo(xN+1) of the new input xN+1 satisfies:356

P

{
δo (xN+1) ≤ δ̂o (xN+1)

}
≥ β, (22)

given that the power flow surrogate y(x|θo) is trained with357

quantile loss (16) and the calibration factor ρoβ is calculated by358

equation (20).359

Proof: Please see Appendix A. �360

With Theorem 1, we can solve the following optimization361

problem to evaluate the worst-case constraint violation severity362

and its corresponding probability:363

max
ζj,φ

wvδv + wolδol + wrpfδrpf (23a)

s.t. pDER
j,φ = ζj,φp

−
j,φ + (1− ζj,φ) p

+
j,φ, (23b)

pj,φ = p0j,φ − pDER
j,φ , qj,φ = q0j,φ − kj,φp

DER
j , (23c)

ICNN power flow surrogates (10), (23d)

Penalty definition (21). (23e)

Denoting the optimal objective value of problem (23) with 364

superscript ∗, for any DER operating points within the issued 365

DOE, the probability of constraint violation exceedingwoδo,∗ is 366

at most1− β. Compared to conventional ICNN applications, the 367

ICNN power flow surrogates proposed in this paper account for 368

the discrepancy between the convexified and the original power- 369

flow models. Although the discrepancy between the convexified 370

and original models cannot be fully eliminated, the proposed 371

method allows the utility to effectively control the probability of 372

constraint violation in the optimized DOE, whereas the method 373

in Ref. [24] does not provide probabilistic measures. 374

III. TWO-STAGE ROBUST DYNAMIC OPERATING ENVELOPE 375

OPTIMIZATION 376

In this section, we propose a two-stage DOE optimization 377

model that co-optimizes DOE size and the confidence-aware 378

worst-case constraint violation. 379

A. DOE Optimization Problem 380

DOE optimization involves the coordination between utili- 381

ties and DERs. Before optimization starts, DER management 382

systems predict the minimum and maximum power of the 383

DERs, i.e., pmin
j,φ,t and pmax

j,φ,t, and send these limits to the utility. 384

Then, the utility solves problem (23) with p−j,φ,t = pmin
j,φ,t and 385

p+j,φ,t = pmax
j,φ,t to see if the worst-case constraint violation is 386

acceptable. If yes, the optimal DOE equals the predicted DER 387

power limits. Otherwise, the utility optimizes DOEs to prune 388

out the undesired DER operation points and determine the DOE 389

for each DER: 390

min
p−j,φ,t,p

+
j,φ,t

∑
t,j,φ

(p−j,φ,t − p+j,φ,t) + w
∑
t

Γt

(
p−j,φ,t, p

+
j,φ,t

)
(24a)

s.t. pmin
j,φ,t ≤ p−j,φ,t < p+j,φ,t ≤ pmax

j,φ,t, (24b)

where Γt(p−j,φ,t, p
+
j,φ,t) denotes the worst-case constraint viola- 391

tion at time t for the DOE specified by p−j,φ,t and p+j,φ,t; penalty 392

coefficient w allows the utility to balance between the two com- 393

ponents of the objective. The selection of penalty coefficients, 394

w, wv, wol, and wrpf reflects the risk appetite of the utility. If the 395

utility is risk-averse, it can select a large penalty coefficient to 396

drive the penalty terms towards zero in optimization, thereby 397

enhancing compliance with operational constraints. This de- 398

sign does not interfere with the fair allocation of DOE. Fair 399

DOE allocation can be achieved through special designs of 400

the optimization problem, such as adding fairness constraints 401

or an additional term to the objective function, as discussed in 402

Refs. [17], [44]. In our DOE optimization formulation, the first 403

component is to maximize the overall volume of DOEs, where 404

we minimize the opposite number to achieve the same effect. 405

The second component is the worst-case constraint violation of 406

the given DOE, which can be evaluated by solving problem (23). 407

Constraint (24b) specifies the bounds of DOE lower and upper 408

limits. Compared to existing literature, such as Ref. [24], where 409

DOE upper and lower bounds are typically optimized separately, 410

this formulation co-optimizes the upper and lower bounds of 411

the DOE. Thus, the compliance of DOE interior points with the 412
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Algorithm 1: Proposed solution algorithm for two-stage
robust DOE optimization.

distribution system operational constraints is naturally guaran-413

teed through optimization, which improves the robustness of the414

optimized DOE. Since Γt is an implicit function of p−j,φ,t and415

p+j,φ,t, problem (24) cannot be directly solved. Thus, we propose416

a tailored solution algorithm to address this issue.417

To efficiently solve the DOE optimization problem, we pro-418

posed a tailored solution algorithm based on the unique structure419

of the proposed two-stage robust DOE optimization problem420

and the characteristics of confidence-aware ICNN power flow421

surrogates. We decompose it into a master problem and a422

subproblem, which are solved iteratively following the idea of423

column-and-constraint generation [45]. At each iteration, the424

problem (23) is first solved to evaluate the constraint violation425

risks of the current DOE. If there is no risk of constraint violation,426

the DOE is optimal, and the algorithm terminates. Otherwise, an427

optimality cut is added to the problem (26) as constraints to prune428

out risky areas from the DOE. Using symbol κ as the iteration429

index, the proposed solution algorithm for the two-stage robust430

DOE optimization problem is summarized in Algorithm 1 and431

detailed as follows:432

1) Step 1 - Initialization: When κ = 0, the initial DOE is set433

to the same as the predicted DER power limits:434

p−j,φ,t,0 = pmin
j,φ,t, p

+
j,φ,t,0 = pmax

j,φ,t. (25)

The upper bound UB and lower bound LB of the objective435

function value are initialized as UB = ∞ and LB = −∞.436

2) Step 2 - Solve Subproblem: The subproblem is to iden-437

tify the worst-case constraint violation for the DOE obtained438

from the previous iteration. At iteration κ, solve problem (23)439

with p−j,φ,t,κ−1 and p+j,φ,t,κ−1 and obtain the optimal solutions440

ζ∗j,φ,t,κ and the corresponding objective value Γ ∗
t,κ−1. Due to the441

ReLU functions used in the ICNN-based power flow surrogates,442

problem (23) is an MILP problem. Considering the convex443

nature of ICNNs, problem (23) can be effectively solved by 444

off-the-shelf solvers, as we demonstrated in the case study. With 445

the subproblem solutions, update the upper bound with UB = 446

min(UB,
∑
t,j,φ (p

−
j,φ,t,κ−1 − p+j,φ,t,κ−1) + w

∑
t Γ

∗
t,κ−1). 447

3) Step 3 - Solve Master Problem: At iteration κ, after solv- 448

ing the subproblem, the results are leveraged to solve the master 449

problem: 450

min
p−j,φ,t,p

+
j,φ,t,Γt

∑
t,j,φ

(p−j,φ,t − p+j,φ,t) + w
∑
t

Γt (26a)

s.t. pmin
j,φ,t ≤ p−j,φ,t < p+j,φ,t ≤ pmax

j,φ,t, (26b)

Γt ≥ wvδv
t,κ′ + wolδol

t,κ′ + wrpfδrpf
t,κ′ , ∀κ′ ≤ κ,

(26c)

pDER
j,φ,t,κ′ = ζ∗j,φ,t,κ′p−j,φ,t +

(
1− ζ∗j,φ,t,κ′

)
p+j,φ,t,

∀κ′ ≤ κ (26d)

pj,φ,t,κ′ = p0j,φ,t − pDER
j,φ,t,κ′ , ∀κ′ ≤ κ, (26e)

qj,φ,t,κ′ = q0j,φ,t − kj,φ,tp
DER
j,φ,t,κ′ , ∀κ′ ≤ κ,

(26f)

xt,κ′ = [pj,φ,t,κ′ ; qj,φ,t,κ′ ] , ∀κ′ ≤ κ, (26g)

δot,κ′ = 1T max
(
yot,κ′ (xt,κ′ |θo) + ρoβ + εo, 0

)
,

∀κ′ ≤ κ, (26h)

where κ′ is the index to count the iterations, and κ′ = 1, . . . , κ. 451

Similar to the subproblem, the master problem (26) is also an 452

MILP problem. However, a distinct feature of the master prob- 453

lem is that a copy of the constraints (26c) - (26h) is added every 454

iteration. Thus, the number of integer variables grows linearly 455

with the number of iterations, leading to a substantial increase 456

in the time required to solve the master problem. To facilitate 457

DOE optimization, we propose to replace equation (26h) with 458

its exact linear relaxation: 459

zo1,t,κ′ ≥W x,o
0 xt,κ′ + bo0, ∀κ′ ≤ κ, (27a)

zok+1,t,κ′ ≥W z,o
k zok,t,κ′ +W x,o

k xt,κ′ + bok,

k = 1, . . . ,K − 1, ∀κ′ ≤ κ, (27b)

zok,t,κ′ ≥ 0, k = 1, . . . ,K, ∀κ′ ≤ κ, (27c)

δot,κ′ ≥W z,o
K zoK,κ′ +W x,o

K xt,κ′ + boK + ρoβ + εo,

∀κ′ ≤ κ, (27d)

δot,κ′ ≥ 0, ∀κ′ ≤ κ. (27e)

By linear relaxation, problem (26) becomes a linear program- 460

ming problem that exhibits superior scalability. The tightness of 461

relaxation (27) is stated in the following theorem. 462

Theorem 2: For the proposed ICNN-based power flow surro- 463

gates, replacing equation (26h) with inequalities (27) yields the 464

same optimal solution as solving the original master problem 465

(26). 466

Proof: Please see Appendix B. � 467
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LI et al.: CONFIDENCE-AWARE AND ROBUST DYNAMIC OPERATING ENVELOPES 7

Fig. 2. Topology of the modified IEEE 123-node test feeder.

After solving the relaxed master problem, the lower bound468

LB is updated to the optimal objective function value.469

4) Step 4 - Convergence Check: The solution algorithm ter-470

minates when the upper and lower bounds, UB and LB, con-471

verge to the same value. In practice, we examine the following472

inequality:473

UB − LB ≤ ε, (28)

where ε is a predefined threshold.474

IV. CASE STUDY475

A. Experiment Setup476

We demonstrate the effectiveness of the proposed methods477

with numerical experiments conducted on a modified IEEE478

123-node test feeder and a modified EPRI Ckt5 test feeder, both479

of which are three-phase unbalanced distribution systems. The480

topology of IEEE 123-node test feeder are shown in Fig. 2, where481

different colors are used to distinguish single-phase, two-phase,482

and three-phase lines. The modified EPRI Ckt5 test feeder has483

1039 nodes, whose topology is shown in Fig. 3. To support484

the training and testing of the proposed methods, we built the485

test feeder in OpenDSS [46], which provides accurate power486

flow results. Power flow snapshots are created through random487

sampling. Initially, a random load level is chosen, followed by488

a local generation level selected within the range of [0, 1.1]489

times the load level. Both loads and local generation are then490

distributed randomly across nodes without predetermined lo-491

cations. This method captures a broad spectrum of operating492

conditions, from light to heavy loads and varying levels of493

DER penetration, sufficiently representing potential operating494

points. If the utility has historical operational data, it can use495

it to enhance the training dataset and better represent common496

operating scenarios.497

To validate the proposed methods, we added five DERs to498

the modified IEEE 123-node test feeder, located at nodes 29,499

35, 62, 86, and 98. The capacities and power factors of these500

DERs are outlined in Table I. For the modified EPRI Ckt5 test501

Fig. 3. Topology of the modified EPRI Ckt5 test feeder.

TABLE I
DER CONFIGURATIONS

feeder, 20 DERs are added to test the scalability of the proposed 502

method. DER power profiles are synthesized from real-world 503

data collected from utility companies in the Midwest U.S. It is 504

worth noting that the ICNNs learn a mapping from node power 505

injections to physical quantities, such as nodal voltages and line 506

currents. Thus, the input dimension is only related to the number 507

of nodes in the distribution system, while agnostic to the number 508

of DERs or loads, allowing the ICNN power flow surrogates to 509

flexibly adapt to varying load levels and DER configurations. 510

B. Accuracy of ICNN-Based Power Flow Surrogates 511

We analyze the ICNN accuracy performance under the sce- 512

nario that the target quantile level to the 95% quantile. First, 513

we examine the performance of power flow surrogates trained 514

with varying amounts of data, ranging from 6,000 to 24,000 515

power flow snapshots. From the dataset, we select 80% of the 516

snapshots for ICNN training and use the remaining 20% for 517

testing. Since the training and testing datasets are split randomly, 518

satisfactory accuracy on the testing dataset implies that the 519

ICNNs achieve a decent approximation performance within 520

the sampled operational region. Another 5,000 snapshots are 521

assigned to the calibration set, which are used to calculate the 522

calibration factor based on (20). Increasing the size of the data set 523
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8 IEEE TRANSACTIONS ON SUSTAINABLE ENERGY

Fig. 4. MAE, marginal/joint coverage and calibration factor of ICNN-based
power flow surrogates with training sets of different sizes.

incrementally, the mean absolute error (MAE), average marginal524

coverage across all output dimensions, calibration factor, and525

the joint coverage after calibration are visualized in Fig. 4.526

From the left-hand side column of Fig. 4, we can observe that,527

for all three ICNN-based power flow surrogates, the increase528

in the data set size generally reduces the MAE and improves529

the average marginal coverage. This observation aligns with the530

conclusions in Ref. [35] that having more data samples enhances531

the performance of training neural networks using quantile loss532

functions. In our experiment, the ICNNs achieves satisfactory533

accuracy over the three-phase unbalanced test feeder. As for the534

probabilistic measurement, while the average marginal coverage535

is nearly at our 95% target, the overall coverage across all output536

dimensions is significantly lower. The calibration factors and the537

joint coverages after calibration are shown in the right-hand side538

column of Fig. 4. When increasing the number of samples, the539

calibration factor we need to ensure near 95% joint coverage540

significantly decreases. Thus, more power flow data can reduce541

the conservativeness of the ICNN-based power flow surrogates.542

However, on the other hand, we also observed saturation effects543

when the data set exceeded 20,000 power flow snapshots. In the544

following experiments, we utilize 20,000 power flow samples545

for training and testing ICNNs. Using an Intel(R) Xeon(R)546

W-1370 CPU and 32 GB RAM, when nodal power injections547

are provided, it takes 388.8984 seconds to run 20,000 power548

Fig. 5. Impact of calibration set size.

flow simulations using OpenDSS for the IEEE 123-node test 549

feeder. Since the dataset is generated offline, the requirement of 550

using 20,000 power flow samples to train the ICNNs for DOE 551

optimization can be easily satisfied. 552

We also investigated the impact of calibration set size. Sweep- 553

ing the number of power flow snapshots in the calibration set 554

from 100 to 5,000, the calibration factor and the joint coverage 555

are summarized in Fig. 5. When the calibration set size exceeds 556

1,000 samples, the joint coverage stabilizes around the target 557

value of 95%. Thus, we suggest that at least 1,000 samples are 558

required for calibration. In summary, to achieve satisfactory per- 559

formance, a power flow data set of 21,000 samples is sufficient, 560

which is a moderate requirement. In practice, utilities typically 561

have an exact model of their distribution feeders to simulate 562

power flow results under various operating conditions. Thus, the 563

required dataset can be easily generated using the same random 564

sampling approach discussed in Section IV-A. Furthermore, if 565

historical operational data is available, it can be leveraged to 566

generate a training set that focuses more on historical operating 567

conditions. Thus, the data required by the proposed method can 568

be efficiently obtained by utilities, making it widely applicable. 569

C. Effectiveness of Proposed Method 570

To demonstrate the effectiveness of the proposed method, we 571

compare its performance with three benchmark methods: 572
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LI et al.: CONFIDENCE-AWARE AND ROBUST DYNAMIC OPERATING ENVELOPES 9

Fig. 6. The numbers of valid and invalid DOEs optimized by the proposed
and the benchmark methods.

1) Benchmark 1: Optimize DOE upper/lower bounds sepa-573

rately with the proposed confidence-aware ICNN, follow-574

ing the problem formulation in Ref. [24].575

2) Benchmark 2: Optimize DOE with the proposed two-576

stage algorithm, using MSE-trained ICNNs instead of577

confidence-aware ICNNs.578

3) Benchmark 3: Optimize DOE with the proposed two-stage579

algorithm, using linearized DistFlow model4 instead of580

confidence-aware ICNNs.581

For the confidence-aware ICNNs, we set the confidence-level582

β to 95% in this section.583

To ensure comparability, we select large penalty coefficients584

such that for both the proposed method and the benchmark585

methods, there is no constraint violation reported by ICNN586

models at the optimum5. The optimized DOEs are then validated587

by OpenDSS using a sample-then-validate approach. Within588

each optimized DOE, 1,000 DER operating points are randomly589

sampled. For each DER operating point, we run a power flow590

simulation in OpenDSS to obtain the actual voltage profile and591

line flows. If the actual power flow results breach at least one592

constraint, we regard the DER operating point as infeasible and593

the corresponding DOE as invalid. The percentage of valid DOEs594

indicates the consistency of the ICNNs and the original power595

flow model. For the proposed and the benchmark methods,596

the DOE validness results are shown in Fig 6. By the sample-597

then-validate approach, nearly half of the DOEs optimized by598

Benchmark 1 and 7.5% of the DOEs optimized by Benchmark599

2 are identified as invalid, implying neither the confidence-aware600

ICNN nor the two-stage DOE optimization model can indepen-601

dently guarantee the validness of the DOEs. For Benchmark602

3, nearly a quarter of the optimized DOEs are identified as603

4The formulation of LinDistFlow model is introduced in Appendix C.
5As discussed in Refs. [47], [48], selecting large penalty coefficients encour-

ages the solver to reduce the penalty terms to zero, thereby ensuring that the
operational constraints are satisfied at the optimum for all benchmarks. In this
way, we ensure that the optimization results across the proposed and benchmark
methods are comparable. Otherwise, when the penalty terms are non-zero, it
becomes difficult to compare the DER power adjustment made by the proposed
and benchmark methods and judge the conservativeness of these methods.

invalid. This is mainly because the LinDistFlow model does 604

not explicitly model line current magnitudes, which introduces 605

approximation inaccuracy to the DOE optimization problem. 606

Thus, it is important to account for both the discrepancy in the 607

power flow model and the robustness of DOEs simultaneously, 608

as in our proposed method. With the proposed method, only 609

about 4.5% of the DOEs are identified as invalid, yielding a DOE 610

validity rate slightly above the 95% target. This result validates 611

the high accuracy of the ICNN power flow surrogate and its 612

consistency with OpenDSS simulations. Thus, by combining the 613

confidence-aware ICNN power flow model with the two-stage 614

robust DOE optimization algorithm, we can effectively control 615

the probability that the optimized DOE is valid, enabling utilities 616

to obtain confidence-aware, robust DOEs tailored to their risk 617

appetite. 618

The above results demonstrate the effectiveness of the pro- 619

posed method in controlling the risks and obtaining confidence- 620

aware DOEs. As discussed in Section I, a natural way to ensure 621

DOE robustness is to shrink the constraints by a predefined 622

margin. However, utilities typically aim to maximize DOEs 623

without risking operational constraints. Simply shrinking the 624

constraints could lead to over-conservativeness and degrade the 625

optimality of DOEs. Since the DOEs are optimized based on the 626

predicted minimum and maximum power limits of the DERs, 627

we use the adjustment with respect to predicted DER limits as 628

the metric for evaluating DOE size: 629

ιt =
∑
j,φ

∣∣∣pmin
j,φ,t − p−,∗j,φ,t

∣∣∣+ ∣∣∣pmax
j,φ,t − p+,∗j,φ,t

∣∣∣, (29)

where ιt is the sum of DER power limit adjustments at time 630

t; superscript ∗ denotes the optimal solutions obtained by the 631

proposed and benchmark methods. Fig. 7 plots the distribution 632

of ιt calculated from the DOEs optimized by different methods. 633

As shown in Fig. 7(a), the distributions of ιt indicate that the pro- 634

posed DOE optimization method is more conservative than the 635

benchmarks, as it introduces larger adjustments when compared 636

to Benchmark 1 and Benchmark 2. Although Benchmark 3 637

generally introduces less DER power adjustment, the approxi- 638

mation error of the LinDistFlow model makes it less effective in 639

identifying risky operating points. Thus, the optimized DOE is 640

more likely to include operating points that violate distribution 641

system constraints and be regarded as invalid. The conserva- 642

tiveness of the proposed method is also evident from the net 643

difference in ιt across the optimized DOEs, as shown in Fig. 7(b). 644

The distribution of the ι difference is a long-tailed distribution, 645

which mainly concentrates within the range of 40-80 MW and 646

seldom exceeds 100 MW. Although positive, the magnitude of 647

differences is relatively small. Considering that in most cases 648

the range of ιt is 800-1400 MW, the conservativeness of the 649

proposed method yields only a 5-10% increase in the DER 650

limit adjustment, which is a reasonable cost for improving the 651

validness of the optimized DOE. 652

D. Computation Time of Proposed Method 653

As the two-stage DOE optimization algorithm iterates, the 654

number of integer variables increases linearly. With more integer 655

variables and constraints added, the solution time of the master 656
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10 IEEE TRANSACTIONS ON SUSTAINABLE ENERGY

Fig. 7. Comparison of DER power adjustment made by proposed and bench-
mark methods.

problem could increase substantially if the linear relaxation657

strategy is not implemented. We demonstrate this phenomenon658

by optimizing 20 DOEs using the MILP version of the master659

problem, i.e., (26), and visualize the master problem solution660

time of the first three iterations, as shown in Fig 8(a). As the661

number of integer variables grows in the master problem, the662

solution time grows rapidly. At the first iteration, the average663

master problem solution time is 50 seconds, which is acceptable.664

However, at the second and third iterations, the average solution665

time exceeds 300 seconds and 400 seconds, respectively. In some666

extreme cases, the solution time of a single master problem can667

exceed 1,200 seconds. The rapid increase in master problem668

solution time will lead to excessively long DOE optimization669

time, which cannot meet requirements if utilities aim to update670

DOEs at a fine time resolution, such as 15 minutes. Thus, it is671

essential to implement the proposed linear relaxation technique,672

which can significantly reduce the time required to solve the673

master problem. Although the number of variables in the mas-674

ter problem grows linearly with each iteration, solution time675

increases gradually and does not exceed two seconds during676

the first three iterations, as illustrated in Fig. 8(b). In our test677

cases, the two-stage DOE optimization algorithm always con-678

verges within three iterations. The overall DOE optimization679

time, which is the sum of master and subproblem solution680

time across all iterations, is shown in Fig. 9. With significant681

improvements in the master problem solution efficiency, the two-682

stage DOE optimization algorithm typically converges within683

two minutes, ensuring a timely response to real-time operating684

conditions.685

Fig. 8. Master problem solution time of the proposed method across different
iterations.

Fig. 9. Overall DOE optimization time of the proposed method.

E. Generalization of Proposed Method 686

In the previous sections, we validate the effectiveness of the 687

proposed method and compare its performance with several 688

benchmark methods. In this section, we further examine the 689

generalization capability of the proposed method under different 690

scenarios. Here, we design 4 different scenarios in the modified 691

IEEE 123-node test feeder: 692

1) Scenario 1: train and calibrate ICNNs to a confidence level 693

of 85%, optimize DOE under normal loading level. 694

2) Scenario 2: train and calibrate ICNNs to a confidence level 695

of 95%, optimize DOE under normal loading level (the 696

same loading level as in Section IV-C). 697

3) Scenario 3: train and calibrate ICNNs to a confidence level 698

of 95%, optimize DOE under a lighter loading level. 699
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Fig. 10. The numbers of valid and invalid DOEs across different scenarios.

Fig. 11. Comparison of DER power adjustment in Scenario 1 and Scenario 2.

4) Scenario 4: train and calibrate ICNNs to a confidence level700

of 95%, optimize DOE under a heavier loading level.701

Across all scenarios, we optimize DOE with the proposed702

two-stage algorithm and the proposed confidence-aware ICNN.703

For each optimized DOEs, 1,000 DER operating points are704

randomly sampled and examined using OpenDSS, following the705

same validation process as we discussed in Section IV-C. The706

DOE validness results are shown in Fig. 10. Through the sample-707

then-validate approach, the percentages of valid DOE across708

four scenarios are 86.5%, 95.5%, 96% and 95.5%, respectively.709

This experiment demonstrates the generalization capability of710

the proposed method. The difference between Scenario 1 and711

Scenario 2 shows that our proposed ICNN calibration method712

can effectively control the confidence level to the desired values.713

Fig. 11 further compares the DER power adjustment under714

Scenario 1 and Scenario 2. In Scenario 1, since we only require715

the DOE to be robust with an 85% confidence level, the ICNNs716

are less conservative, and the optimized DOE is more likely717

to cover a larger operational region, compared to the one in718

Scenario 2. In Scenarios 2, 3 and 4, with different loading719

levels, the confidence-aware ICNNs can always ensure that the720

optimized DOE has a 95% probability of being robust.6 Thus,721

6Here, the DER power adjustment ιt is not compared because the impact of
loading level differences on DOE size is implicit.

Fig. 12. Solution time of DOE optimization problems across different scenar-
ios.

we conclude that once the ICNNs are trained, they can be applied 722

to different loading levels, coping with the varying operational 723

conditions of the distribution system. Fig. 12 compares the 724

overall solution time of the DOE optimization problem across 725

different scenarios. In most cases, the DOE optimization can 726

be completed within 200 seconds. In some cases, the solution 727

time can exceed 300 seconds, but still falls within 350 seconds. 728

Considering that DOEs are typically optimized with a temporal 729

resolution of more than 15 minutes, such a solution time leaves 730

sufficient room for result-checking and communication, demon- 731

strating the effectiveness of the proposed solution algorithm. 732

F. Scalability of Proposed Method 733

In the previous section, the results show that the proposed 734

method can generalize across different confidence levels and 735

loading levels. In this section, we further examine the scalability 736

of the proposed method from two perspectives: the number of 737

DERs and the size of the distribution system. Besides the five 738

DERs listed in Table I, five more DERs are added to nodes 28, 739

30, 60, 63, and 99 of the modified IEEE 123-node test feeder to 740

investigate the increase in computation burden when the number 741

increases. The impact of increased distribution system size is 742

investigated using the modified EPRI Ckt5 test feeder. For a 743

test feeder with more nodes, the ICNNs need more neurons 744

to capture the high-dimensional nonlinearity of the power flow 745

relationships. Consequently, the number of decision variables, 746

intermediate variables, and constraints in the DOE optimization 747

problem increases, resulting in a heavier computational burden. 748

In the following discussion, we refer to these three test feeder 749

settings as: 750

1) System 1: Modified IEEE 123-node test feeder with five 751

DERs. 752

2) System 2: Modified IEEE 123-node test feeder with ten 753

DERs; 754

3) System 3: Modified EPRI Ckt5 test feeder with 20 DERs. 755

For all three systems, we set the target confidence level to 756

95%. 757

Similarly, we examine the validness of the optimized DOEs by 758

running OpenDSS simulations at randomly sampled operating 759

points. The results of the three systems are illustrated in Fig. 13, 760

which shows that the percentages of valid DOEs reach 95.5%, 761
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Fig. 13. The numbers of valid and invalid DOEs of different systems.

Fig. 14. Master problem solution time of different systems.

Fig. 15. Subproblem solution time of different systems.

94.5%, and 96%, respectively. This indicates the effectiveness of762

the confidence-aware ICNNs and the proposed two-stage DOE763

optimization model.764

Besides validating the effectiveness, we also investigate the765

impact of scaling up the DOE optimization problem on solution766

time. The solution time of the master problem (27) and the767

subproblem (23) are recorded and plotted in Fig. 14 and Fig. 15.768

For System 2, increasing the number of DERs results in more769

decision variables in the DOE optimization problem. For System770

3, the increase in distribution system size requires the use of771

larger ICNNs. Thus, both the number of decision variables and772

Fig. 16. Overall DOE optimization time of different systems.

the number of constraints increase. Consequently, System 2 and 773

System 3 both take longer to solve the master problem and the 774

subproblem. Since we relax the master problem into its linear 775

counterpart in the tailored solution algorithm, the master prob- 776

lem can always be solved in a few seconds, even after the DOE 777

optimization problem scales up. The increase in subproblem 778

solution time is more significant. The subproblem solution time 779

of System 2 is below 100 seconds for most iterations, while 780

the average solution time of System 3 subproblem is around 781

200 seconds. This is because in System 3, the subproblem has 782

more integer variables than those in System 1 and System 2, 783

which significantly impacts solution time. The overall DOE 784

optimization time is visualized in Fig. 16. For the scaled-up 785

systems, although their overall solution time is longer than that 786

of System 1, most DOEs are successfully optimized within 15 787

minutes, suggesting that our proposed method can effectively 788

support DOE optimization for large-scale distribution systems 789

with a time resolution of 15 minutes or longer. 790

V. CONCLUSION 791

In this paper, we propose a confidence-aware optimization 792

model for robust DOEs. ICNN-based surrogates are developed 793

to capture nonlinear power-flow relationships. To address the 794

inherent discrepancy between ICNNs and the original power 795

flow model, quantile loss functions are used in ICNN training. 796

We further propose a novel nonconformity score and leverage 797

conformal prediction theory to calibrate ICNN outputs and 798

achieve confidence-aware outcomes. To ensure the robustness 799

of DOEs, we propose a two-stage optimization model that 800

co-optimizes DOE size and operational risks. An exact linear 801

relaxation strategy is proposed to mitigate the increase in compu- 802

tational burden during the iterations. Experiments are conducted 803

on a modified IEEE 123-node test feeder and a modified EPRI 804

Ckt5 test feeder to verify the proposed method. Compared with 805

benchmark methods, the proposed method can effectively man- 806

age operational risks and ensure the validness of the optimized 807

DOEs, without introducing over-conservativeness or a signif- 808

icant increase in optimization time. The proposed method is 809

also tested under various operating conditions, which verifies its 810

generalization capability. The scalability of the proposed method 811

is investigated by increasing the number of DERs and the size 812

of the distribution system. Results show that although the DOE 813
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optimization time increases as the system scales up, it remains814

within a reasonable range, implying that the proposed method is815

applicable in real-world systems. An important future research816

direction is to extend the proposed method to meshed networks817

and enhance its adaptivity to topology changes. Although the818

commonly used topologies in a distribution system are typically819

radial in structure and limited in number, adapting to meshed820

and changing topologies enables the proposed methods to better821

align with the operation requirements of modern distribution822

systems. Graph neural networks can effectively capture the823

topological information in power flow models. A promising824

solution is to combine the graph-based neural network archi-825

tecture with ICNNs, enabling the neural network surrogates826

to approximate power flow relationships well when topology827

changes, yet preserves a convex representation for efficient DOE828

optimization.829

APPENDIX A
PROOF OF THEOREM 1830

In this appendix, we prove the validity of Theorem 1 in831

Section II. First, we state and prove the following lemmas about832

quantiles and their inflation.833

Lemma 1: If random variablesZ1, Z2, . . . , ZN are exchange-834

able, for any β ∈ (0, 1),835

P

{
ZN ≤ Q̂N (β)

}
≥ β, (30)

where Q̂N (β) = Z(	βN
,N) is the empirical quantile function836

of random variables Z1, Z2, . . . , ZN , with Z(n,N) denoting the837

n-th smallest value of Z1, Z2, . . . , ZN and 	x
 denoting the838

ceiling function that maps x to the nearest integer that is greater839

than or equal to x.840

Proof: Corresponding to the empirical quantile function, we841

define the following empirical cumulative distribution function:842

F̂N (z):=
1

N

N∑
n=1

I (Zn ≤ z), (31)

where I(x) is the indicator function that outputs 1 if statement843

x is true and 0 otherwise. The above definition yields:844

E

[
F̂N

(
Q̂N (β)

)]
=

1

N

N∑
n=1

P

{
Zn ≤ Q̂N (β)

}

= P

{
ZN ≤ Q̂N (β)

}
, (32)

where the second equality is the direct product of the exchange-845

ability of random samples. Furthermore, by definition, we have846

F̂N (Q̂N (β)) ≥ β. Thus, applying expectation to both sides of847

the inequality completes the proof of Lemma 1. �848

Lemma 2: If random variables Z1, Z2, . . . , ZN+1 are ex-849

changeable, for any β ∈ (0, 1),850

P

{
ZN+1 ≤ Q̂N

((
1 +

1

N

)
β

)}
≥ β, (33)

where the definition of Q̂N (β) remains the same as in Lemma 1.851

Proof: By definition of Z(n,N), for any 0 ≤ n ≤ N , we have 852

ZN+1 ≤ Z(n,N) ⇔ ZN+1 ≤ Z(n,N+1). (34)

This is because if ZN+1 ≤ Z(n,N), then Z(n,N+1) always 853

equals the maximum between ZN+1 and Z(n−1,N). On the 854

other hand, since Z(n,N) ≤ Z(n,N+1) always holds, ZN+1 ≤ 855

Z(n,N+1) yields ZN+1 ≤ Z(n,N). Since Q̂N ((1 + 1
N )β) = 856

Z(	(N+1)β
,N) and Q̂N+1(β) = Z(	(N+1)β
,N+1), we have 857

ZN+1 ≤ Q̂N

((
1 +

1

N

)
β

)
⇔ ZN+1 ≤ Q̂N+1 (β) ,

(35)

which directly gives us 858

P

{
ZN+1≤Q̂N

((
1+

1

N

)
β

)}
=P

{
ZN+1≤Q̂N+1 (β)

}
.

(36)

Since random variables Z1, Z2, . . . , ZN+1 are exchangeable, 859

according to Lemma 1, P{ZN+1 ≤ Q̂N+1(β)} ≥ β naturally 860

holds, which completes the prove of Lemma 2. � 861

With Lemmas 1 and 2, we prove the theorem by analyzing 862

the nonconformity score of a new input xN+1. The definition of 863

constraint violation penalty (21) yields 864

EoN+1 ≤ ρoβ ⇒ δo (xN+1) ≤ δ̂o (xN+1) . (37)

Since the samples (xn, ŷn), n = 1, . . . , N + 1 are exchange- 865

able, the nonconformity scores Eon for samples n ∈ Co and 866

n = N + 1 are exchangeable too. Thus, we can apply Lemma 2 867

to inflate empirical quantiles and get 868

P

{
EoN+1 ≤ Q̂|Co|

((
1 +

1

|Co|

)
β

)}
≥ β. (38)

Combining with the definition of ρoβ , we have 869

P
{
EoN+1 ≤ ρoβ

}
≥ β. (39)

The sufficient condition stated in statement (37) implies that 870

P

{
δo (xN+1) ≤ δ̂o (xN+1)

}
≥ β, (40)

which completes the proof. � 871

APPENDIX B
PROOF OF THEOREM 2 872

The master problem (26) is a minimization problem, whose 873

second term is related to the ICNN-based power flow surrogates. 874

When minimizing Γt, for each copy of the subproblem con- 875

straints κ′ = 1, . . . , κ, the solver tries to find an input xt,κ′ that 876

minimizes δot,κ′, ∀o ∈ {v, ol, rpf}. According to equation (26h), 877

minimizing δot,κ′ implies that at least one of constraints (27d) and 878

(27e) is binding. Since the matrix W z,o
K is non-negative, when 879

constraint (27e) takes the equal sign, minimizing δot,κ′ is essen- 880

tially minimizing zoK,κ′ , which is the output of the previous layer. 881

Similarly, since matrices W z,o
k ≥ 0, at the optimal solution, for 882

every layer of ICNN, either constraint (27b) or (27c) must be 883

tight. Thus, we conclude that for a time interval t, an ICNN-based 884

power flow surrogate o and a copy of subproblem constraints κ′, 885
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inequalities 27 form a tight relaxation of constraint (26h). The886

above result naturally extends to all time intervals t ∈ T , all sur-887

rogates o ∈ {v, ol, rpf} and all κ′ = 1, . . . , κ, which completes888

the proof. �889

APPENDIX C
LINDISTFLOW FORMULATION890

LinDistFlow [49] is widely adopted to model distribution sys-891

tem power flow under the assumption that losses are negligible.892

By defining vj,t = |Vj,t|2, the original power flow model (1) is893

simplified to:894

Pij,φ,t =
∑
k∈N−

j

Pjk,φ,t + pj,φ,t, (41a)

Qij,φ,t =
∑
k∈N−

j

Qjk,φ,t + qj,φ,t, (41b)

|Vj,φ,t|2 = |Vi,φ,t|2 − 2
∑
ψ∈Φ

(rij,φψPij,ψ,t − 2xij,φψQij,ψ,t).

(41c)

Although it is linear, the LinDistFlow model (41) does not895

explicitly model line current magnitudes. Thus, to embed it into896

problem (9), we use the following approximation to replace the897

overloading constraint (4)898

Pij,φ,t ≤ Pmax
ij,φ, (42)

where Pmax
ij,φ is an empirical parameter derived from Imax

ij,φ.899
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